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Introduction
In the 2015, ”The international year of light and light based technolo-
gies”, I started to work on the field of magneto-optics, the discipline in
physics concerned with the interaction of optical waves with matter un-
der the influence of magnetic fields.
In particular, I focused my attention on a fascinating phenomenon ob-
served for the first time by Michael Faraday.
Exactly in the 13th September of the 1845, Faraday wrote on his diary:
”Today worked with lines of magnetic force, passing them across dif-
ferent bodies (transparent in different directions) and at the same time
passing a polarized ray of light through them...
A piece of heavy glass which was 2 inches by 1.8 inches, and 0.5 of an
inch thick, being a silico borate of lead, and polished on the two shortest
edges, was experimented with.
It gave no effects when the same magnetic poles or the contrary poles
were in opposite sides (as respect the course of the polarized ray), nor
when the same poles were on the same side - BUT, when contrary mag-
netic poles were on the same side, there was an effect produced on the
polarized ray, and thus magnetic force and light proved to have relation
to each other.
This fact will most likely prove exceeding fertile and of great value in the
investigation of both conditions of natural force.”
and summarizing the results of his experiments on the 30th September
1845:
”....Still, I have at last succeeded in illuminating a magnetic curve or
line of force, and in magnetizing a ray of light...”
With this words he described what now we know as the Faraday effect;
the property of any substance to rotate the plane of polarization of a lin-
early polarized electromagnetic wave passing through it in the presence
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of a static magnetic field parallel to the direction of propagation of light.
At the distance of so many years, this fundamental discovery continues to
have a central role in the field of photonics. All electromagnetic sources,
especially coherent emitters of radiation, have to be shielded against the
effect of back reflected light as well as to limit the detrimental effect of
back-propagating spontaneous emissions. For this purpose, they need an
element that resolves this type of problems; the optical isolator. This
optical component allows the transmission of light in only one direction.
For this reason, it is also called optical diode in analogy with the elec-
tronic diode. The fundamental property of the Faraday rotator is thus
the non-reciprocity provided by the break of the time-reversal symmetry
due to the presence of the magnetic field.
In many essential photonic systems, this non-reciprocity finds its appli-
cation and is vital for their correct operation. From the microwave to
the optical frequency regime, isolators are extremely popular in the real-
ization of laser devices, photonic circuits, amplification chains, etc.
In this work, however, I tried to explore the in continuous development
terahertz (THz) regime. Terahertz (THz) radiation belongs to the range
of electromagnetic spectrum1 bridging the field of electronics with that
of photonics. THz science has become increasingly popular only in the
very last decades due largely to the advent of THz time-domain spec-
troscopy (TDS) [1] and to the discovery of types of coherent sources like
THz free-electron lasers (FELs) [2], THz quantum cascade lasers (QCLs)
[3, 4], etc. In parallel with the development of radiation sources, many
other key components for detection and manipulation of THz waves, like
beam modulators, saturable absorbers, polarization rotators and optical
isolators, were realized. Despite the continued demand of THz radiation
in a variety of fields [5], the above mentioned devices all suffer from one
or more drawbacks that are currently still limiting the widespread ex-
ploitation of THz photonics. In particular, an efficient optical isolator
in this optical regime is still lacking. In general optical isolators have
also extended dimensions that make very challenging to create compact
devices. The Faraday isolator is usually a bulky material with a length
from various millimeters to some centimeters. This severely limits the
feasibility of large scale and low-cost integration. For this purpose, the
target of the scientific community is to realize an optical isolator with
more user-friendly footprints in order to be monolithically integrated in
1The THz range is defined to cover the frequency region from 100 GHz to 10 THz.
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a photonic device and with a tunable and broadband wavelength range
of operation.
In this direction, graphene, the two-dimensional allotropic form of car-
bon, with its unique optoelectronic properties represents an ideal plat-
form for a variety of photonic applications. Owing to its high carrier
mobility, gapless spectrum and the possibility to deeply alter its doping
level through electrical gating, graphene is acquiring an increasingly sig-
nificant role also at THz frequencies [6], with useful applications residing
in detectors [7], modulators [8] and sources [9].
Focusing on the magneto-optical behaviour, in the very last years it has
been observed that a single graphene layer allows to have strong Faraday
rotation in the THz range under the presence of a few Tesla of mag-
netic field [10, 11]. Due to this ability graphene holds promises also in
view of thin magneto-optical modulators, polarization rotators, and non-
reciprocal devices in this technologically relevant spectral range.
The huge discrepancy between the wavelength of THz radiation (from 30
µm to 1 mm) and quasi-perfect bi-dimensionality of graphene (a nom-
inally 0.334 nm thick layer), however, implies a relatively weak THz
response. In order to improve the interaction of THz radiation with
graphene and thus to extend its photonic applications, the coupling of
graphene and metamaterials has been investigated. A variety of examples
of strong amplification of the THz response of graphene by its hybridiza-
tion with metamaterials have already been shown [12].
An hybrid-graphene metallic metasurface of sub-wavelength resonators
is presented as a possible solution to achieve a great amplification of
the magneto-optical performance of the graphene itself, with only a lit-
tle increase in size (dozens of microns or in an ideal case, few hundreds
of nanometers). The basic idea is to enter in a non-perturbative regime,
thanks to the presence of both the resonant Faraday rotation in graphene
and the optical frequency-matched eigenmode of the metallic metasur-
face, in such a way to create a giant improvement of the Faraday effect
in a non-conventional sub-wavelength optical micro-cavity.
The aim of the present thesis work is thus to design by simulation, fab-
ricate and finally investigate the optical response of the proposed hybrid
graphene-metallic metasurface. The thesis is organized as follows:
In Chapter 1 the fundamentals for the comprehension of the non-
reciprocal device are reported. First, a phenomenological (starting from
the Hermitian antisymmetric tensor of the electric permittivity) and a
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microscopic description of the Faraday effect (using the classical Drude
model) are provided. Then, the electronic, optical and magneto-optical
properties of graphene are mentioned focusing to the Faraday effect of
graphene in its classical regime. The final section of the chapter de-
scribes resonant metasurfaces, with particular attention to the electro-
magnetic behaviour of one relevant kind of them, Split-Ring Resonators
(SRRs). A phenomenological explanation of the coupling mechanism
between graphene and the metasurface of optical resonators is also intro-
duced.
Chapter 2 is dedicated to the full wave simulations of the system. Ini-
tially, the agreement between experimental results of the graphene Fara-
day rotation and the electromagnetic behaviour of some SRRs metasur-
face studied in literature in the THz regime is shown in order to validate
the constructed simulation. The study of the hybrid graphene-SRRs
metasurface is then described. A series of simulations aimed to find
an appropriate SRR geometry in order to amplify the Faraday effect of
graphene, preserving at the same time a considerable transmittance, is
performed. The effect of the graphene properties on the hybrid meta-
surface are also presented. The simulation of the final structure to be
fabricated is shown at the end of the chapter.
In Chapter 3, the fabrication process of the system is described in de-
tail. The first section is dedicated to the preparation procedure of the
substrate, the second one describes the electron beam lithography of the
metasurface, the third one explains the metal deposition and the fourth
one describes the sputtering of the oxide layer and the transfer of the
graphene monolayer.
In Chapter 4, the spectroscopic measurements of the fabricated sam-
ples are shown. At the beginning, the used Fourier Transform Infrared
(FTIR) spectroscopy technique is described. The resulting spectra of
the metasurface arising after the fundamental steps of the fabrication
are shown and discussed.
vi
1 Theory of metasurfaces based
on hybrid graphene-split ring
resonators
1.1 Description of the polarization of light
The first formal description of light was given by J.C. Maxwell with its
famous and straightforward equations, Maxwell’s equations. They de-
scribe the behaviour of the electric and magnetic fields when interacting
with a medium. Assuming a homogeneous and isotropic medium with
electric permittivity  and magnetic permeability µ and time-dependent
fields, the electric field ~E and magnetic field ~B, the general form of the
equations is:
~∇ · ~E = ρ

(1.1a)
~∇ · ~B = 0 (1.1b)
~∇× ~E = −∂
~B
∂t
(1.1c)
~∇× ~B = µ~J + µ∂
~E
∂t
(1.1d)
where ρ stands for the sum of the density of free and induced charges, and
~J indicates the sum of the localized and external-field induced currents.
Taking into account the conservation of charge, that is formalized through
the continuity equation
~∇ · ~J − ∂ρ
∂t
= 0 (1.2)
the first and the second Maxwell’s equations can be deduced by applying
the divergence operator to the fourth and the third relation, respectively.
As a result, only the last two equations are independent and describe
completely the electromagnetic field. In fact, they constitute a complete
set of six differential equations that allows to find the solutions for the
two intrinsically related ~E and ~B: time varying magnetic fields give rise
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to electric fields and vice versa, i.e. Faraday’s law.
In classical optics, light is described as an electromagnetic wave that
travels oscillating in space and time. In absence of free charge and local-
ized currents (ρ = 0 and ~J = 0), the wave nature of light reveals itself
applying the rotor operation to Eq. 1.1c (or 1.1d) and comparing the
result with Eq. 1.1d (or 1.1c) to finally obtain the following relations for
the electric field ~E (or for the magnetic induction ~B):
∇2 ~E = µ∂
2 ~E
∂t2
(1.3a)
∇2 ~B = µ∂
2 ~B
∂t2
(1.3b)
These second order partial differential equations are called electro-magnetic
wave equations. They describe the harmonic and in phase evolution of
the electric and magnetic fields. The general solutions contain arbitrary
functions that can be obtained by imposing initial and boundary condi-
tions. The simplest case consists of plane waves in which, ~E and ~B have
the same value at each instant and at each position belonging to every
plane orthogonal to the propagation axis.
Assuming a solution with a harmonic time dependence e−iωt (case of
monochromatic wave) and the absence of sources, combining wave equa-
tions 1.3a and 1.3b, the so called Helmholtz wave equation comes out:
(∇2 + µω2)
{
~E
~B
}
= 0 (1.4)
In this case  and µ are real and positive quantities because a linear and
isotropic medium is considered, but in general they are complex functions
of the frequency ω. They represent the coefficients of proportionality (or
tensors in anisotropic media) that relate the macroscopical displacement
field ~D (that takes into account also the polarization of the medium) to
the electric field ~E and the magnetic field ~H to the magnetic induction
~B in the material, respectively:
~D =  ~E (1.5a)
~B = µ ~H (1.5b)
These relations are constitutive equations, which describe the linear re-
sponse of the material to external stimuli, like electric and magnetic
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fields.
Considering in Eq. 1.4 a plane wave propagating along the z axis as
e−ikz, from Eq. 1.4, it is clear that the wavenumber k and the frequency
ω are related by
k =
√
µω (1.6)
and the phase velocity of the propagating wave is
v =
ω
k
=
1√
µ
=
c
n
(1.7)
where n =
√
µ
0µ0
=
√
rµr is the refractive index of the medium, with 0
and µ0 the electric permittivity and magnetic permeability of the vacuum,
and r and µr the relative permittivity and permeability of the particular
medium, respectively.
The electric and magnetic fields of an electromagnetic wave having an
electric ~E0 or magnetic ~B0 amplitude, wave vector ~k, frequency ω and
propagating along the z axis, can be written as
~E(~z, t) = ~E0e
i~k·~z−iωt (1.8a)
~B(~z, t) = ~B0e
i~k·~z−iωt (1.8b)
The divergence equations 1.1a (with ρ = 0) and 1.1b imply that
~k · ~E0 = 0, ~k · ~B0 = 0 (1.9)
meaning that both ~E and ~B are orthogonal to the direction of propa-
gation defined by the wave vector ~k and thus that the electromagnetic
plane wave is a transverse wave.
Another fundamental condition arises from Eq. 1.1c and Eq. 1.1d:
~E = v ~B × kˆ (1.10)
where kˆ is the versor of the wave vector. This implies that, ~E and v ~B
have the same dimensions and are perpendicular, lying in the plane or-
thogonal to the axis of the propagation direction.
Based on this geometric arrangement of the field vectors, a new funda-
mental property is naturally defined to fully describe an electromagnetic
plane wave: polarization.
The polarization describes the orientation of ~E and ~B in a given point
in space and how their magnitudes vary in time. In other words, po-
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larization is the set of points that are traced by the extremity of the
time-varying field vector (most commonly ~E) at a fixed point of obser-
vation.
For harmonic fields, three types of polarization exist according to the
shape traced by the vector ~E:
Linear polarization: the electric field ~E assumes all values ranging from
a minimum negative value to a maximum positive one along a seg-
ment.
Circular polarization: given a point in space, the electric field vector
draws a circumference as time progresses. This polarization can be
a left-handed or right-handed depending on whether the vector ~E,
seen by an observer looking the same wave the wave propagates,
describes a clockwise or counterclockwise circle, respectively.
Elliptical polarization: given a point in space, the tip of ~E describes
an ellipse. In the same manner as the circular polarization, the
left-handed and right-handed elliptical polarization can be distin-
guished.
Notably, a generic polarization can be represented by two orthogonal
linear polarizations, one oriented along x-axis ( ~Ex) and the other one
along y-axis ( ~Ey), which in general may have, different magnitudes and
may be out of phase by an angle δ.
~E = (xˆEx + yˆEye
iδ)eikz−iωt (1.11)
In the case of linear polarization, the dephase angle δ is an integer mul-
tiple of pi and the electric field vector forms an angle τ with the x axis
τ = ± arctan
(
Ey
Ex
)
(1.12)
where τ assumes a positive values for δ = 2npi and negative ones for
δ = (2n+ 1)pi.
For circular polarization, Ex = Ey = E0 and δ = ±(pi2 + npi) with
n = 0, 1, 2, . . . . Thus, if the direction of propagation is along positive
z-axis, the left-handed polarization is obtained for δ = +pi
2
+ 2npi, while
the right-handed polarization is established for δ = −pi
2
− 2npi.
The general case of elliptical polarization is achieved for any phase dif-
ference δ and any ratio (Ey
Ex
). It has to be noticed that the linear and
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circular polarization conditions are obtained when the eccentricity of the
ellipse is 1 and 0, respectively. The angle τ1 between the orientation of
the major axis of the ellipse and the x axis is [13]:
τ1 =
1
2
arctan(
2ExEy
E2x − E2y
cosδ) (1.13)
while the angle τ2 between the direction of the minor axis and the x axis
is τ2 = τ1 +pi/2. The ratio between the major and the minor axis defines
the so-called axial ratio (AR) [13]:
AR =
√√√√√1/2[E2x + E2y +
√
E4x + E
4
y + 2E
2
xE
2
ycos(2δ)]
1/2[E2x + E
2
y −
√
E4x + E
4
y + 2E
2
xE
2
ycos(2δ)
(1.14)
where the numerator is the major axis and the denominator is the minor
axis of the ellipse. It is also convenient to write the relation between field
components in the circular (denoted by E+ for left-handed and E− for
right-handed polarization) and linear base (Ex, Ey) in matrix notation
as: (
E+
E−
)
=
1√
2
(
1 i
1 −i
)(
Ex
Ey
)
(1.15)
(
Ex
Ey
)
=
1√
2
(
1 1
−i i
)(
E+
E−
)
(1.16)
According to these relations any linearly polarized electromagnetic wave
can be seen as the sum of a left-handed and a right-handed polarized
wave. This is an important consideration that will be crucial in the
following paragraphs.
1.2 The Faraday effect
1.2.1 Magnetic circular birefringence
Studying the effect on the polarization of electromagnetic waves of their
propagation in different homogeneous media, it is possible to distinguish
optically isotropic material and optically anisotropic ones. Isotropic ma-
terials have the same optical properties in all directions and thus they
are unable to produce changes in the polarization without applying any
external fields that break their spatial symmetry. On the contrary, in ho-
mogeneous anisotropic materials both the direction of propagation and
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the orientation of the plane of polarization determine the behaviour of the
particular medium. Generally, two different types of anisotropic media
can be identified: the uniaxial and the biaxial media. The uniaxial media
are the materials that exhibit two distinct refractive indices, the ordinary
and the extraordinary refractive index. In fact, in this kind of medium,
there is only one single optical axis. This axis defines the unique direction
along which light, independently of its polarization, propagates experi-
encing the ordinary refractive index no. Waves that propagate along a
direction that forms an angle θ with the optical axis can be decomposed
into two orthogonally polarized components; the ordinary wave, which
travels with the phase velocity described by no, and the extra-ordinary
wave, with a refractive index ne(θ) which varies with θ according to the
equation [14]:
ne(θ) =
(
cos2 θ
n2o
+
sin2 θ
n2e
)− 1
2
(1.17)
where ne is the extraordinary refractive index. In biaxial media, instead,
there are three refractive indices. This property leads to the definition
of more than one optical axis [15]. In fact, there are two wave-normal
optical axes, defined as the directions of ~k in which the phase velocities
of the two orthogonally polarized waves are equal, and two ray optical
axes, which are the directions of the Poynting vector where the velocities
of the two rays are the same.
The aforementioned media belong to the class of linearly birefringent ma-
terials that can be used to change one polarization into another. Their de-
tailed description does not fall in the purpose of this work, but they were
mentioned to better understand the property of the other type of bire-
fringence materials, the circularly birefringent materials. In these media,
circularly polarized light does not change its polarization state. How-
ever, left- and right-handed circular polarizations experience different
refractive indices. The resulting difference in phase velocity causes the
rotation of the plane of polarization of linearly polarized waves, as they
can be decomposed in a linear combination of generic counter-rotating
circular polarized waves. Materials with this characteristic are referred
to as optically active media. Chiral materials (such as sugar solutions,
proteins, lipids, nucleic acids, amino acids, DNA, vitamins, hormones,
etc) are examples of naturally active materials. Their optical behaviour
was experimentally observed by Arago and Biot in the early 19th cen-
tury, interpreted by Fresnel by using the circular birefringence concept,
but it was intrinsically related to the chirality of molecules by Pasteur.
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Fig. 4.2.1 Linearly and circularly birefringent retarders.
4.3 Chiral Media
Ever since the first experimental observations of optical activity by Arago and Biot in
the early 1800s and Fresnel’s explanation that optical rotation is due to circular bire-
fringence, there have been many attempts to explain it at the molecular level. Pasteur
was the first to postulate that optical activity is caused by the chirality of molecules.
There exist several versions of constitutive relationships that lead to circular bire-
fringence [716–732]. For single-frequency waves, they are all equivalent to each other.
For our purposes, the following so-called Tellegen form is the most convenient [33]:
D = ϵE− jχH
B = µH+ jχE (chiral media) (4.3.1)
where χ is a parameter describing the chirality properties of the medium.
It can be shown that the reality (for a lossless medium) and positivity of the energy
density function (E∗ ·D+H∗ · B)/2 requires that the constitutive matrix[
ϵ −jχ
jχ µ
]
be hermitian and positive definite. This implies that ϵ, µ,χ are real, and furthermore,
that |χ| < √µϵ. Using Eqs. (4.3.1) in Maxwell’s equations (4.1.5), we obtain:
∂zE± = ∓ωB± = ∓ω(µH± + jχE±)
∂zH± = ±ωD± = ±ω(ϵE± − jχH±)
(4.3.2)
Defining c = 1/√µϵ, η = √µ/ϵ, k = ω/c = ω√µϵ, and the following real-valued
dimensionless parameter a = cχ = χ /√µϵ (so that |a| < 1), we may rewrite Eqs. (4.3.2)
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in the following matrix forms:
∂
∂z
[
E±
ηH±
]
= ∓
[
jka k
−k jka
][
E±
ηH±
]
(4.3.3)
Thesematrix equationsmay be diagonalized by appropriate linear combinations. For
example, we define the right-polarized (forward-moving) and left-polarized (backward-
moving) waves for the {E+,H+} case:
ER+ = 12
[
E+ − jηH+
]
EL+ = 12
[
E+ + jηH+
] !
E+ = ER+ + EL+
H+ = − 1jη
[
ER+ − EL+
] (4.3.4)
It then follows from Eq. (4.3.3) that {ER+, EL+} will satisfy the decoupled equations:
∂
∂z
[
ER+
EL+
]
=
[−jk+ 0
0 jk−
][
ER+
EL+
]
⇒ ER+(z)= A+ e
−jk+z
EL+(z)= B+ ejk−z (4.3.5)
where k+, k− are defined as follows:
k± = k(1± a)=ω
(√
µϵ± χ) (4.3.6)
We may also define circular refractive indices by n± = k±/k0, where k0 is the free-
space wavenumber, k0 =ω√µ0ϵ0. Setting also n = k/k0 = √µϵ/√µ0ϵ0, we have:
k± = n±k0 , n± = n(1± a) (4.3.7)
For the {E−,H−} circular components, we define the left-polarized (forward-moving)
and right-polarized (backward-moving) fields by:
EL− = 12
[
E− + jηH−
]
ER− = 12
[
E− − jηH−
] !
E− = EL− + ER−
H− = 1jη
[
EL− − ER−
] (4.3.8)
Then, {EL−, ER−} will satisfy:
∂
∂z
[
EL−
ER−
]
=
[−jk− 0
0 jk+
][
EL−
ER−
]
⇒ EL−(z)= A− e
−jk−z
ER−(z)= B− ejk+z (4.3.9)
In summary, we obtain the complete circular-basis fields E±(z):
E+(z) = ER+(z)+EL+(z)= A+ e−jk+z + B+ ejk−z
E−(z) = EL−(z)+ER−(z)= A− e−jk−z + B− ejk+z
(4.3.10)
Thus, the E+(z) circular component propagates forward with wavenumber k+ and
backward with k−, and the reverse is true of the E−(z) component. The forward-moving
Figure 1.1: Graphical comparison between the different effects on linearly polarized
light respectively caused by linearly birefringent and circularly birefrin-
gent materials.
Optical chirality is a special case of bi-anisotropy in which the electric
and magnetic fields are coupled and related by the following constitutive
relations [16]:
~D =  ~E − iχ ~H (1.18a)
~B = µ ~H + iχ ~E (1.18b)
where the coefficient χ is called the chirality parameter.
The effect of ”natural” intrinsic rotation of the polarization is more
clearly understood when the transmitted light through these kind of me-
dia is reversed and made propagating in the opposite direction. At the
end of a round trip, the electromagnetic wave, whose plane of polariza-
tion was changed at the forward path, regains the initial state returning
at the initial point in space. This type of effect is a reciprocal effect, as
the initial and final polarizations are identical.
When an external magnetic field ith a fixed direction is applied
to ordinary isotropic materials (glass, water, conductors, plasmas, etc),
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their polarization independent behavior fails and their isotropy is broken.
Here, for waves propagating in the direction of magnetization, the indi-
vidual phase velocities of the circular-counter rotating modes are split
from the unmagnetized value into a positive and negative corrections.
This is a special case of circular birefringence that is defined as magnetic
circular birefringence.
If linearly polarized light passes through the medium along the direction
of an applied magnetic field, the direction of the rotation is the same
for light propagating parallel and antiparallel to the magnetic field. Ma-
terials that shows this property are called gyrotropic materials and are
distinguished in gyroelectric (isotropic materials that do not have mag-
netic properties, but become circularly birefringent thanks to the external
magnetic field) and gyromagnetic materials (media in which the magne-
tization can be already present, as in ferromagnetic materials) [16].
Unlike the optically active media, now the effect of rotation is non-
reciprocal because ~B is an axial rather than a polar vector. Hence, in a
back and forth path the final angle of rotation in no more null, but twice
that of the first passage.
Such magneto-optical effect (which is today at the base of the operation
of nonreciprocal devices like optical isolators) takes the name of Faraday
effect and was discovered by Michael Faraday in 1845 during its optical
experiment with isotropic materials under a constant magnetic field.
1.2.2 Phenomenological theory of the Faraday effect
Considering a transverse electromagnetic wave with angular frequency ω
traveling through a medium with a permeability tensor µ and permittiv-
ity tensor , the oscillating electric and magnetic fields of the wave can
be described by the Helmholtz equations (Eq. 1.4).
In the presence of a static magnetic field and for a lossless medium, the
combined permeability/permittivity tensor can be expressed, owing to
symmetry principles [17], as an Hermitian antisymmetric tensor [18]:
 · µ =
 xx ixy 0−ixy xx 0
0 0 zz
 ·
 µxx iµxy 0−iµxy µxx 0
0 0 µzz
 (1.19)
where the diagonal elements (xx,zz) are real positive quantities and xy
also real, but with the restriction |xy| ≤ xx. The impositions yy = xx
(µyy = µxx) and xy = yx (µxy = µxy) will appear clear in the following
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paragraph.
For a uniform plane wave propagating along the positive z-axis, the z-
components of the electric ~E and magnetic ~H fields can be ignored, thus
the remaining x and y ones are coupled by the third (Eq. 1.1c) and
fourth (Eq. 1.1d) Maxwell’s equations in this way:
∂zEx = −iω(µxxHy − iµxyHx), ∂zEy = iω(µxxHx + iµxyHy) (1.20a)
∂zHx = iω(xxEy − ixyEx), ∂zHy = −iω(xxEx + ixyEy) (1.20b)
Passing to the circular basis (E+,E−) by using 1.15, the resulting matrix
takes the diagonal form [16]:
 · µ =
(
+µ+ 0
0 −µ−
)
(1.21)
where +µ+ is the eigenvalue relative to the circular eigenmode E+ (the
right-handed wave), while −µ− to the circular eigenmode E− (the left-
handed wave). The two eigenvalues can be calculated resolving the sec-
ular equation for the tensor [µ] and they are shown to be:
±µ± = (xxµxx + xyµxy)± (xxµxy + xyµxx) (1.22)
Frequency dependent permeability and permittivity arise from the magnetic-
and electric- dipole interactions with a propagating electromagnetic sig-
nal. For common materials, the wavelength regimes of the two phenom-
ena are well separated in the spectrum, in such a way to be considered
independent. The permeability resonates at the microwave range, while
the permittivity is more responsive in the infrared-visible spectral region.
With this assumption, the eigeinvalues take a simplified form [18]:
± = xx ± xy (1.23a)
µ± = µxx ± µxy (1.23b)
where, in Eq. 1.23a and in Eq. 1.23b, µxy and xy are set equal to zero,
respectively. Now, summing or substracting to the first of Eqs. 1.20a
(Eqs. 1.20b) the second one of Eqs. 1.20a (Eqs. 1.20b) multiplied by the
complex number i, and using Eqs. 1.23a and 1.23b in combination with
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Eqs. 1.15, the following relations between E± and H± are obtained:
∂zE± = ∓ωµ±H±
∂zH± = ±ω±E±
(1.24)
Substituting the expressions for the circular wave numbers k± =
√
µ±±ω =
n±ω/c and for the circular wave impedances Z± =
√
µ±
±
, after simple al-
gebraic operations, Eqs. 1.24 can be written in the following matrix
form:
∂
∂z
(
E±
Z±H±
)
=
(
0 ∓k±
±k± 0
)(
E±
Z±H±
)
(1.25)
Then, If we introduce the quantities EF± and EB± expressed in terms of
E± and Z±H± as:
EF± = E± − iZ±H± , EB± = E± + iZ±H± (1.26)
the following decoupled equations for EF± and EB± are obtained:
∂
∂z
(
EF+
EB+
)
=
(
−ik+ 0
0 ik+
)(
EF+
EB+
)
⇒ EF+(z) = a+e
−ik+z
EB+(z) = b+e
ik+z
(1.27a)
∂
∂z
(
EF−
EB−
)
=
(
−ik− 0
0 ik−
)(
EF−
EB−
)
⇒ EF−(z) = a−e
−ik−z
EB−(z) = b−eik−z
(1.27b)
Where a± and b± are the amplitude coefficients.
It is evident that EF+ and EF− are forward (F ) propagating waves with
k+ and k− wavenumber, while EB+ and EB− are backward (B) propa-
gating waves with the wavenumbers k+ and k−.
The elements E± of the circular-basis written in coordinates of E± then
reads:
E+(z) = EF+(z) + EB+(z) = a+e
−ik+z + b+eik+z (1.28a)
E−(z) = EF−(z) + EB−(z) = a−e−ik−z + b−eik−z (1.28b)
These relations show that the E+ (E−) circular component propagates
forward and backward with the same wavenumber k+ (k−); thus, circu-
larly polarized (both clockwise and counter-clockwise) waves feel a re-
fractive index which is independent from the direction of propagation.
Considering a generic linearly polarized wave, that is given by the sum
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of the two types of circular polarized ones, and propagates for a distance
l along the positive z-axis, the electric field ~E is:
~E(l) =
1√
2
(
a+
0
)
e−ik+l +
1√
2
(
0
a−
)
e−ik−l
=
1√
2
[
(
a+
0
)
e−i(k+−k−)l/2 +
(
0
a−
)
ei(k+−k−)l/2]e−i(k++k−)l/2
=
1√
2
[
(
a+
0
)
e−iθ +
(
0
a−
)
eiθ]e−i(k++k−)l/2
(1.29)
Where the substitution θ = 1
2
(k+ − k−)l was used.
Going back to the linear basis (using Eq. 1.16), we have:
1√
2
[(
a+
0
)
e−iθ +
(
0
a−
)
eiθ
]
=
=
1
2
[(
ax
−iay
)
e−iθ +
(
ax
iay
)
eiθ
]
=
1
2
[(
ax
0
)
(e−iθ + eiθ) +
(
0
−iay
)
(e−iθ − eiθ)
]
=
(
ax cos θ
ay sin θ
)
=
(
ax′
ay′
)
(1.30)
where (ax′ , ay′) denotes the new linear basis rotated by an angle θ with
respect to the initial linear basis (ax, ay).
In the approximation in which µ± = 1, using the equality k± = n±ω/c,
where n± the refractive indexes of the circular wave components, the
following expression for θ is obtained:
θ =
1
2
(n+ − n−)ω
c
l =
1
4
xy ω
n c
l (1.31)
Where the relations n = n++n−
2
and n2+ − n2− = + − − = xy were used
in the last equality.
As a result, when a linearly polarized light, with electric field ~E(0) =
(ax, ay) at z = 0 reaches the position z = l position, it continues to be
a linearly polarized wave but with the plane of polarization deflected by
the angle θ of Eq. 1.31.
As Eqs. 1.27a and 1.27b suggest, if the propagation is in the negative
z-direction, the roles of k+ and k− remain unchanged so that the rotation
angle is still the same as in Eq. 1.31.
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In summary, if a linearly polarized wave travels forward by a distance l,
gets reflected, and travels back to the starting point, the total angle of
rotation will be twice the one of the single trip, i.e. 2θ = (k+ − k−)l.
When the medium under investigation exhibits circular dichroism,
namely the property to have different attenuation coefficients for the
left-handed or right-handed polarized light, the circular wavenumbers
become complex, k± = β±− iα±, and by following Eq. 1.29, the rotation
angle is θ = (β+ − β−)/2 of rotation.
It is important to notice that in the case the polarization is no longer
linear. In fact it has become elliptical because the initial amplitudes
(ax, ay) assume now the complex values (a
′
x, a
′
y) [16]:
a′x = ax cosh
(α+ − α−)l
2
− iay sinh (α+ − α−)l
2
a′y = ay cosh
(α+ − α−)l
2
+ iax sinh
(α+ − α−)l
2
(1.32)
Summarizing, after a distance l, the linear polarization is converted into
an elliptical one with the major axis rotated by the angle θ with respect
to the initial direction of the plane of polarization.
1.2.3 Microscopic origin of the Faraday effect
The connection with the Zeeman effect
In the fall of 1869, Pieter Zeeman discovered a new phenomenon that
would soon be known as the Zeeman effect. He observed a clear widening
of the sodium D-lines under the influence of a magnetic field. Not long
after the discovery, his colleague Hendrik Antoon Lorentz developed a
theoretical explanation of the effect based on the assumption that atoms
contain charged vibrating particles (electrons were not known yet, they
were discovered less than a year later by Joseph John Thomson at the
Cavendish Laboratories) [19].
The Zeeman effect is produced by the coupling of orbital magnetic mo-
ments of the electrons of each atom with the external magnetic field
(also classically known as Larmor’s theorem). From a quantum mechan-
ical point of view, the magnetic field removes completely the degeneracy
on the magnetic quantum number M . The 2L+ 1 degenerate level with
orbital quantum number L is split in 2L+ 1 sub-levels. One sub-level re-
mains equal to the energy level in the absence of magnetic field (M = 0),
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half of the remaining have higher energies than this, while the other have
lower energies (Figure 1.2). Furthermore, each of these sub-levels, called
Zeeman sub-levels, are separated by a quantity equal to ∆E = µBB
where µB =
e~
2m
is Bohr’s magneton and B is the amplitude of the mag-
netic field.
L = 1
L = 2
2
1
0
-1
-2
1
0
-1
Figure 1.2: Zeeman splitting for L = 2 and L = 1 energy levels. The red dashed
lines represent the allowed dipole transitions for the selection rule ∆M =
0,±1.
While the energy splitting of the levels depends on the orbital quantum
number L, each spectral line splits into exactly three lines due to the
selection rules for the magnetic quantum number M [20]. These arise
from the conservation of angular momentum and allow only the dipole
transitions that involve a change in ∆M = 0,±1.
If ω0 = |E0b−E0a|/~ is the frequency of the spectral line (either in emission
or absorption) without applied magnetic field for a transition between two
levels E0a and E
0
b , the three lines of the spectrum in the presence of the
13
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field are [20]:
ω =
ω0 ∆M = 0 : pi lineω0 ± µBB/~ ∆M = ±1 : σ lines (1.33)
In this case, the effect is called normal Zeeman effect in order to distin-
guish it from the anomalous Zeeman effect (whose quantum mechanical
explanation was given by Lande` in 1919), when the spectral lines are
split in more than three and are not equidistant due to the interaction of
the applied magnetic field with the intrinsic angular momentum of elec-
trons, the spin. Considering electromagnetic plane waves propagating
parallel to ~B, due to the transverse nature of light, only the transitions
with ∆M = ±1 are possible (σ lines). Circular polarization allows this
unitary increase (or decrease) in the magnetic quantum number. For the
absorption process, ∆M = +1 is associated with the counter-clockwise
polarization and the ∆M = −1 is related to the clockwise one, while for
the emission process is just the opposite [20].
This obviously means that the two types of circular polarization are ab-
sorbed or emitted at different frequencies displaced to either side of the
frequency of the spectral line in the absence of magnetic field. Conse-
quently, besides implying circular dichroism, the deviation between the
absorption frequencies is also a difference between the refractive indices
of the two circular components, and then circular birefringence results.
This fact demonstrates that the Zeeman effect is intimately connected to
the Faraday effect.
Drude-Lorentz description of the Faraday effect
The understanding of the microscopical mechanism that gives rise to the
Faraday effect or other magnetic phenomenas in solids is based on the
knowledge of the electronic band structure and electron wave function
inside the crystals.
In particular, these effects are governed by the off diagonal components
of the transverse optical constants, like the permittivity or the optical
conductivity tensors (or also the permeability tensor for magnetic me-
dia). These magnetic-field dependent quantities are determined, in a
generic media, by the contribution of the quantum allowed inter-band
and intra-band electronic transitions. The inter-band transitions deter-
mine the optical properties for insulators or semiconductors, but also
for metals at high enough energies, while the intra-band transitions are
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proper of materials with partially occupied energy bands, like metals or
also semiconductors with a sufficiently high number of free carriers.
As obvious from the previous section, the presence of this off-diagonal co-
efficients causes different responses of the material depending on which
type of circularly, right- or left-handed, polarized wave is considered.
This difference, in turn, results from the displacements between the right
and left transitions (i.e., the Zeeman effect), between their oscillator
strengths (the probabilities of the transition between two energy levels),
and between the populations of their initial states [21]. Thus, depend-
ing on the kind of medium under study, the complete explanation of the
magneto-optic effect needs a full quantum mechanical treatment.
On the other hand, the approach carried out by Lorentz, where the inter-
action of light with matter is described in terms of Maxwell’s equations,
constitutes a fundamental basis for the qualitative, but in some particu-
lar cases also quantitative, analysis of the behavior of matter under the
action of electromagnetic fields. Despite being a purely classical descrip-
tion, the Lorentz oscillator model was adapted to quantum mechanics in
the 1900s and is still of considerable use today. In his one-particle model,
Lorentz proposed that charged lightly massive particles (later revealed
to be a negatively charged particle, the electron) are electrically bound
to much larger masses (the nuclei) by a force that behaves according to
Hooke’s Law - that is, a spring-like force.
Considering an applied electric field that interacts with the charge of the
electron as a driving force and causes the stretching or compression of
the spring, the electron is set into oscillating motion. If a linear damp-
ing force is also added, due to some kind of energy-dissipating processes,
and a magnetic field ~B is applied in a certain direction, giving rise to
the Lorentz force, the equation of motion of such particle is given by
the following second order linear differential equation in the radial vector
coordinate ~r:
m∗(
d2~r
dt2
+ γ
d~r
dt
+ ω20~r) = −e ~E(t)− e ~v × ~B (1.34)
Here, γ = 1/τ is the relaxation rate (τ the relaxation time) that takes
into account the dissipation deriving from the background environment,
ω0 is the characteristic frequency of the oscillating motion around the
equilibrium center, and m∗ is the effective mass of the electron, intro-
15
1 Theory of metasurfaces based on hybrid graphene-split ring resonators
duced to include internal forces belonging to the specific material. The
driving force, here represented by the first term of the second member
of Eq. 1.34, is generated by the field vector ~E(t) of the electromagnetic
wave which is supposed to propagate along the direction of the static
magnetic field ~B. The oscillating magnetic field component of the wave
is neglected, because it is considered much lower than the amplitude B of
the applied magnetic field; thus, it is assumed that the electron remains
close its rest position in the direction of ~B, chosen as coinciding with the
z axis.
Due to the resulting Lorentz force, the motion along x is inevitably cou-
pled to the motion in the y direction in the following manner:
x¨+ γx˙+ ω20x =
−eEx
m∗
+ ωcy˙
y¨ + γy˙ + ω20y =
−eEy
m∗
− ωcx˙
(1.35)
Since the electric field has an harmonic time dependence e−iωt, it is possi-
ble to consider an oscillating solution ~r(t) = ~r0e
−iωt. Here, it is implicitly
supposed that the spatial excursions of ~r(t), in the whereabouts of the
point ~r0, are much smaller than the wavelength of the driving field; in
this way, the electron dynamics is independent of the spatial dispersion
(i.e. the wavevector dependence) of the oscillating electric field.
Substituting ~r in the previous equations and performing the temporal
derivatives, the following pair of equations for the x and y components
of ~r is obtained:
x
(
ω + iγ − ω
2
0
ω
)
=
eEx
m∗ω
+ iωcy
y
(
ω + iγ − ω
2
0
ω
)
=
eEy
m∗ω
− iωcx
(1.36)
where ωc =
eB
m∗ is the cyclotron resonance, which characterizes the orbital
motion of charged particles affected by the Lorentz force in the plane
orthogonal to the magnetic field.
Then, solving for x and y, and calculating the respective velocities, the
relations for the cartesian components of the current density ~J = −Ne~v,
16
1.2 The Faraday effect
where N is the density of free electrons, are found to be:
Jx =
Ne2Ex
m∗
γ − i(ω − ω20
ω
)
ω2c − (ω − ω
2
0
ω
+ iγ)2
− Ne
2Ey
m∗
ωc
ω2c − (ω − ω
2
0
ω
+ iγ)2
Jy =
Ne2Ey
m∗
γ − i(ω − ω20
ω
)
ω2c − (ω − ω
2
0
ω
+ iγ)2
+
Ne2Ex
m∗
ωc
ω2c − (ω − ω
2
0
ω
+ iγ)2
(1.37)
From the tensorial constitutive relation ~J = σ ~E, it is possible to obtain
the following matrix elements:
σxx = σyy =
2D
pi
γ − i(ω − ω20
ω
)
ω2c − (ω − ω
2
0
ω
+ iγ)2
σxy = −σyx = 2D
pi
−ωc
ω2c − (ω − ω
2
0
ω
+ iγ)2
(1.38)
Here, the Drude spectral weight D = piNe
2
m∗ is introduced. It describes,
as will be more clear in the next sections, the strength of the optical
absorption due to free carriers. In the absence of magnetic field ωc = 0
and for the case of free electrons (ω0 = 0), the Drude conductivity of
metals is obtained.
For an isotropic material, the magneto-optical conductivity tensor is di-
agonal in the basis of circular coordinates. The diagonal components are
related to the matrix components of σ in Cartesian coordinates via the
relations:
σ± = σxx ± iσxy (1.39)
Thus, a more compact expression for the magneto-optical conductivity
for right- or left-handed circularly polarized waves can be written as:
σ± =
2D
pi
i
(ω − ω20
ω
)± ωc + iγ
(1.40)
Assuming a homogeneous non-magnetic (µ = 1) medium in the absence
of external charges and currents, the equation of an electromagnetic wave
of frequency ω propagating in the z direction is given by:
d2E(z)
dz2
= −ω
2
c2
[
1 + i
σ(ω)
0ω
]
E(z) (1.41)
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Solutions of this equation can be of the form
E(z) = E0e
inω
c (1.42)
where n is the complex refractive index and is defined as:
n2 = 1 + i
σ(ω)
0ω
(1.43)
Exploiting the last relation, it is possible to obtain the refractive indices
n± for right and left circular polarizations:
n± =
(
1− ω
2
p
(ω2 − ω20)± ωωc + iγω
)1/2
(1.44)
where ωp =
√
Ne2
0m∗
is called the plasma frequency.
Hence, in the limit ω  ω0, ωc, the wavevectors k± = n±ω/c read:
k± =
k+ + k−
2
± k+ − k−
2
= k ±∆k ' ω
c
[
1− 1
2
(ωp
ω
)2]
+
1
2
(ωp
ω
)2 ωc
c
(1.45)
From Eqs. 1.29 and 1.31 it follows that the angle θF of Faraday rotation
is:
θF = ∆kL =
1
2
(ωp
ω
)2 ωc
c
L = V BL (1.46)
where V = e
2m∗cω
2
p/ω
2 is the Verdet constant of the medium, namely
its ability to rotate the plane of polarization per unit of magnetic field
amplitude and thickness of the medium.
1.3 Graphene as an ideal platform for
non-reciprocal magneto-optical devices
Graphene is the two-dimensional allotropic form of carbon, whose atoms
are arranged in such a way to create a honey-comb structure constituted
by hexagons.
Despite its widespread presence in nature as a single sheet of graphite,
isolated mono-layer graphene was discovered only in 2004 by Andre Geim
and Konstantin Novoselov by mechanical exfoliation of bulk graphite.
Its relatively late discover is related to the theoretical belief that two-
dimensional compounds could not exist due to thermal instability at the
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time of separation.
However, the lattice structure of this atomic scale material and the
strength of the bonds between its carbon atoms prevent the destabiliza-
tion caused by thermal fluctuations and give rise to physical properties
not common in ordinary materials, such as a potentially better electric
conductivity than copper, very high electronic mobility (with a theoreti-
cal value of 200.000 cm
2
V s
limited by the scattering with acoustic phonons),
high heat conductivity and a mechanical strength higher than steel (with
a tensile strength of 130 GPa).
The magneto-optical behaviour of graphene also offers peculiar charac-
teristics, like for example the possibility to perform Faraday rotation up
to 6◦ (citazione) for monolayer graphene under the influence of a of mag-
netic field few Tesla.
1.3.1 Structure and electronic properties
The hexagonal structure of graphene can be seen as the composition of
two interconnected triangular sub-lattices A and B. It can be described
as a triangular lattice with a basis of two atoms per unit cell. The lattice
vectors, in the real space, which connect all atoms in one sub-lattice, are:
~a1,2 =
a
2
(3,±
√
3) (1.47)
while the respective reciprocal lattice vectors have the form:
~k1,2 =
2pi
a
(1,±
√
3) (1.48)
where a ≈ 1.42 A˚ is the carbon-carbon distance.
Each point in this sub-lattice is linked to three nearest-neighbour lattice
sites of the other sub-lattice by the next three vectors:
~b1 =
a
2
(1,
√
3), ~b2 =
a
2
(1,−
√
3), ~b3 = a(−1, 0) (1.49)
In each lattice site, there is a carbon atom which has six electrons; two
of these form the 1s2 closed shell and the remaining four, which fill 2s
and 2p states, are the valence electrons that are employed in the bonds
with the three nearest neighbour atoms. Three valence electrons give
rise to three hybridized orbitals, the sp2 orbitals, which are involved in
the corresponding covalent chemical bonds (σ bonds) equally spaced of
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Figure 1.3: a) the two interpenetrating sub-lattices, A and B, of the planar struc-
ture of graphene; b) the corresponding Brillouin zone (BZ) showing
the positions of the Dirac points K and K’. The Γ point represents the
center of the BZ.
an angle of 120 degrees in the plane of graphene. The fourth valence
electron belongs to the half-filled 2p orbital oriented out of the plane,
and it is responsible of an orbital overlapping with other 2p orbitals of
adjacent atoms that form the so called pi bonds. While σ bonds ensure
the strength of the structure of graphene and its unusual mechanical and
thermal properties [22], pi bonds with its delocalized electrons determine
the characteristic electronic properties of graphene [23].
The tight-binding method [24], suggested by Bloch in 1928, consisting in
expanding the crystal states in linear combinations of atomic orbitals of
the composing atoms provides a reasonable description for the electronic
band structure of graphene; the first to adopt this method was Wallace in
1947 [25]. Assuming orthonormality of local orbitals, disregarding crystal
field terms, and adopting the two-center approximation (considering only
nearest neighbour interaction), the dispersion of the full pi band structure
is obtained [23]:
E±
(
~k
)
= t
√
3 + f
(
~k
)
f
(
~k
)
= 2 cos(
√
3kya) + 4 cos
(√
3
2
kya
)
cos
(
3
2
kxa
) (1.50)
where ~k is the quasi-momentum (wavevector) in the first Brillouin zone
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(BZ) of the reciprocal space, the signs +, − indicate respectively the up-
per and lower pi band. In this approximation the spectrum is symmetric
around the zero energy, and t ≈ 2.8 eV is the nearest neighbour hopping
energy.
Of relevant importance for the physics of graphene are the two corners
~K and ~K ′ of the BZ
~K =
(
2pi
3a
,
2pi
3
√
3a
)
, ~K ′ =
(
2pi
3a
,− 2pi
3
√
3a
)
(1.51)
They are called the Dirac points.
Expanding Eq. 1.50 close to ~K (or ~K ′), that is calculating the electronic
bands for ~k = ~K + ~q, with |~q|  | ~K|, the energy dispersion reads:
E± (~q) = ±vF~|~q |+ O((q/K)2) (1.52)
where ~q is the momentum measured relatively to the Dirac points and
saddle-point singularity in the electronic bands at the M-point
(Fig. 1(c)) [16,23,24]. Here electrons moving along the M–K (M–G)
direction possess negative (positive) band masses. At the G-point,
the conduction and valence p-electron states are widely sepa-
rated, with a gap of !20 eV [16,23–26]. The equi-energy contour
near the G-point is, like that of the K-point, isotropic in character,
but exhibits parabolic dispersion.
The basic features of the electronic structure of graphene are
captured by a simple tight-binding model that takes into account
only the nearest neighbor couplings [16,23,24]. For a more
accurate description of the p-band dispersion in graphene, one
needs to include next-nearest neighbor couplings within a tight-
binding model [26] or apply ab-initio methods, such as LDAþGW
calculations [27–29].
3. Light absorption in graphene
The optical absorption of graphene arises from two distinct
types of contributions, those from intraband and those from
interband optical transitions [2,30]. The relative importance of
the two contributions depends largely on the spectral range of
interest. Here we review recent investigations of absorption of
graphene over a wide spectral range, from the far infrared to the
ultraviolet. In the far-infrared region, the optical response is
dominated by the free-carrier (or intraband) response [2,30]. This
contribution can be described to a good approximation by a
Drude model [31]. By fabricating sub-wavelength structures in
graphene, one can create a tunable far-infrared response that is
dominated by plasmonic excitations associated with these free
carriers [32]. In the mid- to near-infrared region, the optical
absorbance is attributable primarily to interband transitions [30].
This response is nearly frequency independent and is equal to a
universal value determined by the fine-structure constant e2=_c
in pristine graphene [1–7]. However, this optical absorption in
graphene can be controlled through electrostatic gating, which
shifts the Fermi energy and induces Pauli blocking of the optical
transitions [33,34]. In the ultraviolet spectral range (with the
transitions approaching the saddle-point singularity), the inter-
band optical absorption increases well beyond the ‘‘universal’’
value and exhibits signatures of excitonic effects [35–37]. In the
following, we discuss separately the basic optical properties of
graphene for low photon energies, where the intraband response
dominates, and for higher photon energies, where the interband
response dominates.
3.1. Intraband optical absorption
3.1.1. Free-carrier absorption
Since the speed of light c is much higher than the Fermi
velocity vF of graphene (c/vF!300) [17], direct absorption of a
photon by an intraband optical transition does not satisfy
momentum conservation. To conserve momentum, extra scatter-
ing with phonons or defects, as shown in Fig. 2(a), is required. The
simplest description of the optical response of free carriers is then
captured by a Drude model for the frequency-dependent sheet
conductivity [30,38]
sðoÞ ¼ s0
1þ iot : ð1Þ
Here s0 and t denote, respectively, the dc conductivity and the
electron scattering time, and o represents the (angular) fre-
quency of the light. (Note that the optical absorbance at normal
incidence is related to optical sheet conductivity by A(o)¼(4p/
c)Re[s(o)]). To express the Drude conductivity in terms of
microscopic material parameters, it is often convenient to intro-
duce the Drude weight D¼ps0/t, corresponding to the integrated
oscillator strength of free carrier absorption. In conventional
semiconductors or metals the Drude weight is given by
D¼ ðpne2=mÞ ¼ ðo2pÞ=4, with n and m denoting, respectively, the
carrier density and carrier band mass, and op the plasma
frequency [39]. For graphene with its massless electrons, the
Drude weight assumes a completely different form: D¼ e2vF
ﬃﬃﬃﬃﬃﬃ
pn
p
[1,16,30,38,40–42].
Far-infrared spectroscopy can be used to probe the intraband
absorption in large-area graphene grown by chemical vapor
deposition (CVD) [43,44]. In Fig. 2(b) we show the free-carrier
absorption spectra of graphene at different doping levels [31].
These spectra can be fit reasonably well by the Drude form,
consistent with theoretical calculations based on the Kubo form-
alism that ignore many-body interactions [2,30,38]. The Drude
scattering rates for different gate voltages are shown in Fig. 2(c).
The different electron and hole scattering rates suggest that they
experience different defect potentials. Near charge neutrality, we
observe a Drude scattering rate of !100 cm&1, which corre-
sponds to a momentum relaxation lifetime of !50 fs.
From the Drude fit of the spectra in Fig. 2(b), we can obtain the
free-carrier (or intraband) absorption Drude weight Dintra. This
can be compared to the value Dinter ¼ e2vF
ﬃﬃﬃﬃﬃﬃ
pn
p ¼ ðe2=_ÞEF
[1,16,30,38,40–42], where the Fermi energy EF is determined from
inspection of Pauli blocking of the interband absorption (as
discussed below). As can be seen in Fig. 2(d), the observed
intraband transition Drude weight, Dintra, yields a somewhat
lower value than Dinter. We note that the Drude weight of
intraband absorption should equal the reduction of interband
absorption oscillator strength, as required by the sum rule. This is
confirmed in Fig. 2(e). The measured reduction in Dintra is, there-
fore, correlated to the imperfect Pauli blocking of interband
transitions at energies below 2EF [33], as shown in Fig. 2(b).
Modification of the free-carrier Drude conductivity can arise from
impurity and defect states or from many-body interactions
Fig. 1. (Color online) Electronic structure of graphene: (a) the honeycomb lattice
structure of graphene with the two inequivalent sites A and B occupied by carbon
atoms, (b) the exact energy degeneracy at the K and K0 points of the Brillouin zone
guarantees a linear energy-momentum dispersion (the massless spectrum of the
Dirac cone) near the two inequivalent valleys, (c) the full electronic dispersion of
the p-bands in the graphene Brillouin zone, showing the trigonal warping effects
away from the K- and K0-points and the saddle point singularity at the M-point.
The equi-energy contour lines of the conduction band are also displayed.
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saddle-point singularity in the electronic bands at the M-point
(Fig. 1(c)) [16,23,24]. Here electrons moving along the M–K (M–G)
direction possess n gative (positive) band masses. At the G-point,
the conduction and valence p-electron states are widely sepa-
rated, with a gap of !20 eV [16,23–26]. The qui-en rgy ontou
near the G-point is, like that of the K-point, isotropic in hara er,
but exhibits parabolic dispersion.
The basic features of the electronic structure of graphene are
captured by a simple tight-binding model that takes into account
only the nearest neighbor couplings [16,23,24]. For a more
accur te description of the p-band dispersion i graphene, one
ne ds to include next-nea est n ighbor couplings within a tight-
binding model [26] or apply ab-initio methods, such as LDAþGW
calculations [27–29].
3. Light bsorption in graphe e
The optical absorption of graphene arises from two distinct
types of contributions, those from intraband and those from
interband optical transitions [2,30]. The relative importance of
the two contributions depends largely o the spectral range of
interest. Here we review recent investigations of absorption of
graphene over a wide spectral range, from the far infrared to the
ultraviolet. In the far-infrared region, the optical response is
dominated by the free-carrier (or intraband) response [2,30]. This
contribution can be described to a good approximation by a
Drude model [31]. By fabricating sub-wavelength structures in
graphene, one can create a tunable f r- nfrared response hat is
dominated by plasmonic excitations associated with these free
carriers [32]. In the mid- to near-infrared region, the optical
absorbance is attributable primarily to interband transitions [30].
This response is nearly frequency independent and is equal to a
univ rsal value determined by the fine-structur constant e2=_c
in pristine graphene [1–7]. However, this optical absorption in
graphene can be controlled through electrostatic gating, which
shifts the Fermi energy and induces Pauli blocking of the optical
transitions [33,34]. In the ultraviolet spectral range (with the
transitions approaching the saddle-point singularity), the inter-
band optical absorption increases well beyond the ‘‘universal’’
value and exhibits signatures of excitonic effects [35–37]. In the
following, we discuss separately the basic optical properties of
graphene for low photon energies, where the intraband response
dominates, and for higher photon energies, where the interband
response dominates.
3.1. Intraband optical absorption
3.1.1. Free-carrier absorption
Since the speed of light c is much higher than the Fermi
velocity vF of graphene (c/vF!300) [17], direct absorption of a
photon by an intraband optical transition does not satisfy
momentum conservation. To conserve momentum, extra scatter-
ing with phonons or defects, as shown in Fig. 2(a), is required. The
simplest description of the optical response of free carriers is then
captured by a Drude model for the frequency-dependent sheet
conductivity [30,38]
sðoÞ ¼ s0
1þ iot : ð1Þ
Here s0 and t denote, respectively, the dc conductivity and the
electron scattering time, and o represents the (angular) fre-
quency of the light. (Note that the optical absorbance at normal
incidence is related to optical sheet conductivity by A(o)¼(4p/
c)Re[s(o)]). To express the Drude conductivity in terms of
microscopic material parameters, it is often convenient to intro-
duce the Drude weight D¼ps0/t, corresponding to the integrated
oscillator strength of free carrier absorption. In conventional
semiconductors or metals the Drude weight is given by
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c rrie density and carrier band mass, and op the plasma
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Drude weight assumes a completely different form: D¼ e2vF
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deposi ion (CVD) [43,44]. In Fig. 2(b) we show the free-carrier
absorption spectra of graphene at different doping levels [31].
These spectra can be fit reasonably well by the Drude form,
consistent with theoretical calculations based on the Kubo form-
alism that ignore many-body interactions [2,30,38]. The Drude
scattering rates for different gate voltages are shown in Fig. 2(c).
Th diff ent electron and hole scattering rates suggest that they
experience different defect potentials. Near charge neutrality, we
observe a Drude scattering rate of !100 cm&1, which corre-
sponds to a momentum relaxation lifetime of !50 fs.
From the Drude fit of the spectra in Fig. 2(b), we can obtain the
free-carrier (or intraband) absorption Drude weight Dintra. This
can be compared to the value Dinter ¼ e2vF
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pn
p ¼ ðe2=_ÞEF
[1,16,30,38,40–42], where the Fermi energy EF is determined from
inspection of Pauli blocking of the interband absorption (as
discussed below). As can be seen in Fig. 2(d), the observed
intraband transition Drude weight, Dintra, yields a somewhat
lower value than Dinter. We note that the Drude weight of
intraband absorption should equal the reduction of interband
absorption oscillator strength, as required by the sum rule. This is
confirmed in Fig. 2(e). The measured reduction in Dintra is, there-
fore, correlated to the imperfect Pauli blocking of interband
transitions at energies below 2EF [33], as shown in Fig. 2(b).
Modification of the free-carrier Drude conductivity can arise from
impurity and defect states or from many-body interactions
Fig. 1. (Color online) Electronic structure of graphene: (a) the honeycomb lattice
structure of graphene with the two inequivalent sites A and B occupied by carbon
atoms, (b) the exact energy degeneracy at the K and K0 points of the Brillouin zone
guarantees a linear energy-momentum dispersion (the massless spectrum of the
Dirac cone) near the two inequivalent valleys, (c) the full electronic dispersion of
the p-bands in the graphene Brillouin zone, showing the trigonal warping effects
away from the K- and K0-points and the saddle point singularity at the M-point.
The equi-energy contour lines of the conduction band are also displayed.
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a) b)
c)
Figure 1.4: a)Electronic energy spectrum of pi-bands of graphene tak ng into a -
count first and sec nd nearest neighbour int rac ion in the tight binding
model; b) the equi-energy contour lines i reciprocal sp ce, showing he
trigonal warping at he Dirac p ints c) the linear energy dispersion in
proximity of each Dirac point. Image reada ted from [26].
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vF = 3/2ta ≈ 106m/s ≈ c/300 is the Fermi velocity of electrons, which
depends only on the microscopic properties of graphene, like the hopping
energy t and the inter-atom distance a. Thus, the energy of electrons
does not depend on their mass, and for this reason and for the fact that
they obey to to Dirac-Weyl equation describing relativistic particles of
spin 1/2, they are called ”massless Dirac fermions”.
From Eq. 1.52 and Figure 1.4, it appears that each Dirac point, placed
at zero energy, is the point of contact of two opposite energy cones; one
above the Dirac point with positive energy called the electron band and
the other under it, called hole band.
However, for a more accurate description of the pi-band dispersion in
graphene, also the next-nearest neighbour couplings must be included in
the tight-binding model; including these, up to order (q/K)2, the dis-
persion depends on the direction in momentum space and has a three
fold symmetry, the so-called trigonal warping [27] which modifies the 2D
equi-energy contours moving away from the two valleys.
It is important to notice that, in correspondence to the M-point between
the K and K ′ points, there is a saddle-point singularity; thus, electrons
moving along the M -K (M -Γ) direction possess negative (positive) band
masses. Furthermore, the centre of the BZ, the Γ point, represents the
maximum energy separation (' 20 eV) between upper and lower pi band,
and here the dispersion is isotropic, but parabolic (not linear as K and
K ′).
In the case of charge neutrality, as in pristine graphene, each carbon
atom has one electron in the pi bands. Thus, the Fermi energy lies ex-
actly at the Dirac point, meaning that all the states below it are com-
pletely filled by electrons. In this situation, even zero-energy excitations
can promote electrons to the totally empty conduction band. Therefore,
pristine graphene is defined as a zero-gap semiconductor.
Owing to the linear dispersion of the electronic bands around the Dirac
point, the density of electronic states (DOS) in graphene differs greatly
from that of ordinary two-dimensional materials with a parabolic energy
dispersion. The DOS is no longer a Heaviside step-like function, but it
becomes linearly dependent on the energy E, measured from the Dirac
point, in correspondence of which it vanishes. Starting from the defini-
tion of the density of states ρ2D in two dimensions
ρ2D(E) =
1
A
∑
~k
δ (E − Ek) (1.53)
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where A is the extension of the surface, and assuming A to be sufficiently
large to have a continuum of allowed ~k (coinciding with an infinite num-
bers of unit cells), it is possible to pass into the integral form:
ρ2D(E) =
gsgv
2~2piv2F
∫ ∞
0
δ(E − Ek)EkdEk (1.54)
in which the substitution kdk = EkdEk/(~2v2F ) has been performed.
Therefore, gs = 2 and gv = 2 are the spin degeneracy and the one arising
from the fact that the points K and K’ are different are, respectively.
Thus, the DOS in graphene reads:
ρ2D(E) =
2|E|
pi~2v2F
(1.55)
Integrating this relation up to the Fermi energy EF , which in general can
assume a value above (”n” or electron type doping) or below the Dirac
point (”p” or hole doping), the carrier density is found to be:
n =
E2F
piv2F~2
(1.56)
Often, in common graphene sheets, surface contamination or the presence
of a substrate shifts the Fermi level away from charge neutrality in either
directions, above or below the Dirac point; this intrinsic characteristic,
due the electron-hole symmetry of the bands, is referred to as ambipolar
doping.
To prevent an unwanted doping caused by the growth process of graphene
or to actively tune in a continuos way the Fermi level through the zero
energy, it is possible to apply an appropriate electric voltage to graphene
using an apposite external gate. The modification of the Fermi energy,
as it will be clearer in the following, is a key point in order to tune the
(magneto-)optical properties of graphene.
1.3.2 Optical properties
The response of a material to an electromagnetic field can be described
using optical functions, like the transverse optical conductivity σ.
From a quantum mechanical point of view, a microscopic model for the
transverse optical conductivity in homogeneous materials can be provided
within the linear response regime (Kubo-Greenwood theory), neglecting
many-body effects and considering independent particles. The resulting
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expression of the conductivity is a function of both the wavevector ~k and
the frequency ω of the electromagnetic field [28].
In the limit of small spatial dispersion (ω  qvF , where q is the
wavevector of light), the dynamical conductivity is considered to be only
frequency dependent.
In graphene, the optical absorption, linked to the real part of σ, arises
from the competition of two distinct contributions, those from intraband
and those from interband optical transitions. Depending on the spectral
range under consideration, one can dominate on the other [26].
The expression of σ(ω) taking into account both contributions is given
by [29]:
σ(ω) = σintra(ω) + σinter(ω) =
=
e2ω
ipi~2
[∫ +∞
−∞
dE
|E|
(ω + iγ)2
df(E)
dE
−
∫ +∞
0
dE
f(−E)− f(E)
(ω + iδ)2 − 4E2
]
(1.57)
where f(E) = {exp[(E−EF )/kBT ]+1}−1 is the Fermi-Dirac distribution
in which the Fermi energy, EF , is regarded as the chemical potential,
Integrating the first term, the contribution of the intraband electron-
photon scattering processes reads:
σintra(ω) =
2ie2kBT
pi~2(ω + iγ)
ln[2 cosh(EF/2kBT )] (1.58)
The damping rate γ is inserted in order to introduce a mechanism of
carrier relaxation. Due to the fact that the speed of light is c ' 300vF ,
direct absorption of a photon by an intraband optical transition requires
extra interaction with phonons or defects to allow momentum conserva-
tion.
In the limit of EF  kBT , the intraband conductivity takes the form
σintra(ω) =
ie2|EF |
pi~2(ω + iγ)
(1.59)
with EF linked to the carrier concentration n by the relation EF =
~vF
√
pi|n|. This equation represents the Drude conductivity of graphene
which agrees with the expression for σxx in Eq 1.38 once are set to zero
the material resonant frequency ω0 and the cyclotron frequency ωc, but
with a different expression for the Drude weight D.
24
1.3 Graphene as an ideal platform for non-reciprocal magneto-optical devices
Here, the Drude spectral weight D, representing the integrated oscillator
a) b) c)
EF
EF
EF
Figure 1.5: Dirac cone with the allowed (blue arrows) and Pauli-blocked (right
arrows) interband transitions in the case a) of p-doping, b) undoped
graphene and c) n-doping.
strength of intraband transitions (D =
∫∞
0
σintra(ω)dω), can be written
as:
D =
e2EF
2~2
(1.60)
Comparing this result for the Drude weight with the one in the case of
massive particles (electrons with parabolic dispersion), the expression for
the so-called cyclotron mass of graphene, m∗, is:
m∗ =
~
√
pi
vF
√
n (1.61)
The same expression can be obtained also using the definition of the
cyclotron mass within the semi-classical approximation [30]
m∗ =
~2
2pi
[
∂A(E)
∂E
]
E=EF
(1.62)
with A(E) = pik2(E) the area of the orbit in k-space described by elec-
trons of energy E, using the linear dispersion relation |E| = ~vFk.
The experimentally observed [31] square-root dependence on the elec-
tronic density of the cyclotron mass is an immediate consequence of the
mass-less Dirac dispersion.
On the other hand, the second term of Eq. 1.57 represents the contri-
bution of interband transitions. After the integration, the expression for
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σinter(ω), at zero temperature and negleting the imaginary part, is given
by:
σinter(ω) =
e2
4~
θ(~ω − 2|EF |) (1.63)
where θ(ω) is the Heaviside function. Its presence means that there is
a threshold energy for photons of 2|EF | to allow direct interband tran-
sitions. Photons with an energy ~ω below this value cannot cause the
transition due to Pauli blocking; for each initial occupied state there is
no final accessible (empty) one which is distant in energy less than 2|EF |
and that allow the conservation of momentum. This argument is exem-
plified in Figure 1.5.
For pristine graphene, when the Fermi level is a the Dirac point (EF = 0),
only the interband contribution for the optical sheet conductivity is
present and it starts to play its role ideally at zero frequency. The con-
ductivity of graphene arising from the interband contribution is deter-
mined solely by fundamental constants and assume what is defined as
the ”universal” conductivity value σ0:
σ0 =
e2
4~
(1.64)
A consequence of this frequency independent conductivity is that, at
optical frequencies, the transmission of free standing graphene, which can
be found using Fresnel’s equations in the thin film limit [32], is quantized.
In this approximation, the transmission T is calculated to be:
T =
(
1 +
σ0
c20
)−2
=
(
1 +
piα
2
)−2
≈ 1− piα ≈ 97.7% (1.65)
where α = 1
4pi0
e2
~ is the fine structure constant. Despite its atomic thick-
ness, each mono-layer of graphene has a strong, quantized optical absorp-
tion (about 2.3% of the intensity of incoming radiation), which allows a
visual inspection under an optical microscope making it visible to the
naked eye.
At a finite temperature and in the presence of non-zero EF due to un-
intentional doping, the main effect is the reduction of the transition
strength because of state blocking. The temperature dependent con-
ductivity for interband transitions deriving from Eq. 1.57 can be seen to
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be:
σinter(ω) =
e2
4~
sinh
(
~ω
2kBT
)
cosh
(
EF
kBT
)
+ sinh
(
~ω
2kBT
) =
=

e2
4~θ(~ω − 2|EF |), EF  kBT
e2
4~ tanh
(
~ω
4kBT
)
, EF  kBT
(1.66)
In summary, the optical spectrum at low frequencies, like the Therahertz
(THz) or far-infrared region, is dominated by the contribution from in-
traband transitions.
In the spectral range from the mid-infrared to optical frequencies, above
the threshold frequency, the optical absorbance is attributable primarily
to interband transitions.
At higher frequencies, like in the ultraviolet range, the dominant contri-
bution is still due to band-to-band absorption, but it goes well beyond
the one due to the ”universal” conductivity. In fact, in the neighbor-
hood of the saddle-point singularity, a pronounced and asymmetric peak
appears. In order to explain the features of the resonance, such as its
frequency position and shape, it is necessary to consider the influence of
many-body effects like excitonic effects [33].
1.3.3 Magneto-optical properties
Magneto-optical transmission in the quantum regime
Generally, in the presence of a perpendicular magnetic field B, free elec-
trons (holes) confined in two dimensions are constrained to move in close
cyclotron orbits with a frequency ωc = eB/m. Quantistically, the cy-
clotron motion for free and independent particles is quantized into dis-
crete Landau levels (LL):
EN = ~ωc(N + 1/2) (1.67)
where N = 0, 1, 2... indicates the LL number. These levels are equally
spaced by a quantized energy of ~ωc which scales linearly with the mag-
netic field B.
On the other hand, in graphene the relativistic electronic dispersion gives
rise to a very different Landau level spectrum [34]:
EN = sgn(N)
√
2~v2F |eBN | (1.68)
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Here, N = 0,±1,±2, ...; it is positive for electron-like LLs and it is
negative for hole-like LLs. Unlike, the two-dimensional electron gas, LLs
in graphene are proportional to the square-root of both B and N , having
a Landau level (N = 0) at zero energy, with half of its states occupied by
holes and the others by electrons that separates negative from positive
LLs. Clear consequences of these peculiarities are the series of peaks
with frequencies that follow the typical
√
B-like scaling, in the infrared
absorption spectra [35, 36] and the so called anomalous quantum Hall
effect or half-integer quantum Hall effect [37, 38].
The peaks that characterize the magneto-optical transmission spectrum
arise from the electronic transitions between the LLs. These transitions
can be both interband transitions, where electrons are excited from the
hole-like LLs to the electron-like LLs, or intraband transitions where
carriers from the filled hole(electron)-like LLs are promoted to empty
hole(electron)-like LLs.
Since in graphene the hole and electron bands have the same symmetry,
the selection rule for the optical transitions between the initial LL (Ni)
and the final LL (Nf ) are the same for both the inter- and intraband
transition:
∆|N | = |Nf | − |Ni| = ±1 (1.69)
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Figure 1.6: Square-root dependence on magnetic field of Landau level energies. Lev-
els with N=0,±1,±2, ...,±8 are shown. The Fermi level EF (indicated
by the green dashed line) is located between the N = 1 and N = 2 LLs.
Arrows with solid lines represent the selection-rule-allowed interband
transitions, while arrows with dashed line standsfor forbidden transi-
tions. Red arrows are related to the selection rule ∆|N | = −1, while
blue arrows correspond to ∆|N | = +1. The green arrow stands for the
intraband transition 1→ 2 which implies ∆|N | = +1 due to the positive
Fermi energy.
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Intraband transitions can be allowed only if the Fermi level is not at the
Dirac point (as in Figure 1.6 where the Fermi energy is in the middle be-
tween the first and second electron-like LL). Therefore, the sign of ∆|N |
for intraband transitions reveals the type of doping of graphene. For p-
doping (EF < 0), there are only intraband excitations with ∆|N | = −1,
while for n-doping (EF > 0) only the ones with ∆|N | = 1 are allowed.
On the contrary, interband transitions can have both ∆|N | = +1 or−1.
For circularly polarized light, we have that a left-handed circular po-
larized wave implies transitions with ∆|N | = −1 while a right-handed
circularly polarized one determines excitations with ∆|N | = +1. If the
Fermi energy is perfectly zero, each peak in the absorption spectrum
arises from the presence of two transitions resonant at the same fre-
quency, but one (−N → N + 1) allowed by the right-handed circular
polarization and the other one (−(N + 1) → N) permitted by the left-
handed polarization. However, for a positive Fermi energy, only the
right-handed circular polarization induces the allowed intraband tran-
sition No → No + 1 (in Figure 1.6, No = 1), which connects the last
fully occupied LL with quantum number No to the first empty LL. Also
the interband transition with the lowest possible resonant frequency is
caused by right-handed polarization. It is constituted by the transition
−No → No + 1, which connects the hole-like LL with quantum number
−No to the the first electron-like LL above the Fermi energy with quan-
tum number No + 1. In the case of negative Fermi energy, due to the
hole-electron symmetry, the situation is just the opposite. The intraband
transition −No → −No + 1 and the interband transition −No → No− 1,
both allowed by left-handed circular polarization, do not have the coun-
terpart due to the other polarization at the same frequency. On the
other hand, all allowed transitions with higher frequencies are permit-
ted by both circular polarizations. Thus, here the resulting contribution
of right-handed polarization and left-handed polarization to off-diagonal
conductivity becomes zero. This difference in the optical responses for
the two types of circular polarization results in a giant Faraday rotation
in the Far-IR or THz spectral range.
For completeness, various transmission spectra of graphene grown on
the C-terminated surface of SiC for different applied magnetic field in-
tensities and the
√
B-scaling of the peaks due to interband transitions
are shown in Figure 1.7, as reported by [35]. Due to the presence of these
features in the transmission spectrum, this type of graphene is said to be
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some Bernal-stacked residuals have been observed on se-
lected locations as well.
The sample B has been prepared on the Si-terminated
surface of SiC !4H-SiC"0001#$ and also characterized in the
micro-Raman experiment. Similarly to the previous sample,
the dominantly observed single-component 2D band serves
as an indication for linearity of electronic bands. It points
toward the presence of a single graphene sheet !in addition to
the nongraphenelike buffer layer18$, as in contrast to MEG
on the C face, the few-layer graphene stacks on the Si-face
exhibit Bernal and not rotational ordering.19 In addition, such
monolayers are typically rather highly doped by the charge
transfer from the substrate.20,21
To measure the !nonpolarized$ infrared transmittance of
our samples, we used the radiation of a globar, which was
analyzed by a Fourier transform spectrometer and delivered
to the sample via light-pipe optics. The light was then de-
tected by a composite bolometer kept at T=4.2 K placed
directly below the sample. Measurements were done in the
Faraday configuration in a superconducting solenoid. Both
investigated samples were fully opaque in the energy range
85–220 meV due to phonon-related absorption in SiC.
III. RESULTS AND DISCUSSION
Let us start our discussion with the data obtained on the
sample A, i.e., on the MEG structure grown on the
C-terminated surface of SiC, see Fig. 1, whose magneto-
optical response is relatively well understood.10,22,13 Trans-
mission spectra are in this kind of specimens dominated by
relatively sharp absorption lines with a typical %B-like scal-
ing !see Fig. 2$ and taking the LL spectrum of graphene:
En=sign!n$vF%2!&eBn&, we easily identify them as inter-LL
transitions L
−n→Ln+1 and L−!n+1$→Ln with n=0, . . . ,6. The
corresponding Fermi velocity can be evaluated as vF
= !1.02"0.01$#106 ms−1. As a matter of fact, this response
is equivalent to that of an exfoliated graphene
monolayer11,12,23 and in turn it serves as a direct indication
that layers in MEG indeed behave as independent, electri-
cally isolated, graphene sheets.
Apparently, here we deal with graphene in its fully quan-
tum regime, i.e., we study optical excitations between well-
separated Landau levels, whose %B scaling and multimode
character are directly related to the linearity of the electronic
bands.24 To characterize our sample further, we can set the
upper limit for the carrier density that cannot significantly
exceed 1010 cm−2, as the transition L0!−1$→L1!0$ is observed
down to the magnetic field of 100 mT !the filling factor v
$6$. We assume that the graphene sheets are slightly p
doped as follows from the recent angle-resolved photoemis-
sion spectroscopy !ARPES$ study done on equivalent
specimens.14 We should also note that the dominant
graphenelike lines are often accompanied by additional spec-
tral features, which are usually significantly weaker, never-
theless still well defined in the spectra, located especially at
low energies, see, e.g. the transition denoted by stars in Fig.
1. We will come back to these features later on after we
discuss the response of the sample B.
The sample B exhibits a very much different behavior in
our magnetotransmission experiment and shows no
%B-scaled spectral features, which are, as we have learned
above, characteristic of graphene in its quantum regime. In-
FIG. 1. !Color online$ Relative transmission spectra of the
sample A !MEG on C face of SiC$ for selected values of the mag-
netic field. For clarity, successive spectra are shifted vertically by
0.1. Individual transitions discussed in this paper are denoted by
vertical arrows.
FIG. 2. !Color online$ Positions of absorption lines observed in
the A sample grown on C-terminated surface of SiC. The spheres
correspond to inter-LL transitions in electrically isolated and nearly
undoped layers in MEG, having a characteristic %B dependence.
The dashed lines show their theoretically expected positions for the
Fermi velocity of vF=1.02#106 ms−1. Origin of the transition de-
noted by stars, which evolves nearly linearly with B, is discussed in
the text.
WITOWSKI et al. PHYSICAL REVIEW B 82, 165305 !2010$
165305-2
a) b)
Figure 1.7: Relative transmission spectra reporte in [35] relative to the sample de-
nominated as A. It consists in a multilayer epitaxial graphene grown on
the C-face of SiC. For clarity, successive spectra are shifted vertically
by 0.1. The light doping of the layers allows to observe the character-
istic
√
B-dependence of the energy of i ter-LL transitions. Here, the
transmission peaks are labeled with n instead of N . The transiti s
−N(−N − 1)→ N + 1(N) are observed up to N = 6. The one labeled
by stars appears because some l yers are more oped than th othe s
and then they give rise to intraband absorption.
in the quantum egime. Grap ene in this regime is characterized by a
low free carrier concentration, with th Fermi level tha approaches th
Dirac point, and by a low quantum number of the last occupied LL level.
This is the case of the above mentioned graphene, for which it is found
that the free carrier density cannot exceed 1010 cm−2 corresponding to a
Fermi energy EF ≈ 10−2 eV.
The oppo ite lim t of graphene with a high dopi g level is defined as the
quasi-classical regime described in the following section. It is interesting
to note that due to the non equidistant spacing of LLs in graphene, the
tuning from a fully quantum regime to the classical one is possible by
changing the Fermi level.
Magneto-optical properties in the classical regime
The separation between LLs at the Fermi energy depends on both the
doping level and the magnetic field strength. When this energetic dis-
placement is much smaller than EF , graphene is in the so called classical
regime. Thus, if the graphene sheet is highly doped and for magnetic
fields of a few Tesla, LLs should not be resolved around the Fermi level
(the situation is clear in Figure 1.8). Examples of studies on graphene
with a high Fermi energy are reported in [10] and [35].
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Figure 1.8: Representation of the electron-like Landau levels from N = 0 to N = 50
with vF = 1.02 · 106m/s. The Fermi energy EF is set to 0.2 eV. The
red arrows show some of the allowed intraband transitions starting for
clarity from the 12→ 13 transition.
Figure 1.9 shows the relative magneto-transmission spectra (in the
THz spectral range) of a graphene monolayer grown on the Si-face of
SiC obtained with various intensities of the applied magnetic field. The
magneto-transmission experiment no longer shows the
√
B-spectral fea-
tures which characterize graphene in its fully quantum regime. On the
other hand, each spectrum clearly shows magnetic field-induced trans-
mission at low energies with a broad absorption peak which is seen to
move linearly toward higher frequencies by increasing the intensity of
the magnetic field. Due to the high doping level (EF = −0.34 eV [10]
or EF ≈ 0.4 eV [35]), the absorption peak can be completely attributed
to intraband excitations. The linear proportionality of the minimum in
the transmission spectrum can be explained both from a quantum and a
classical point of view. The Fermi level acquires the value of the energy
of the last occupied LL. If this LL is in the conduction (electron-like)
band, the Fermi energy reads:
EF = E1
√
N (1.70)
where E1 =
√
2v2F eB is the energy of the LL with N = 1 at a given
magnetic field B. For a high Fermi energy, the last occupied LL has a
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Figure 2 | Faraday rotation and magneto-optical transmission spectra of SLG. a, The Faraday angle ✓ at several fields up to 7 T at 5 K. The inset presents
the magnetic-field dependence of ✓(B) at h¯!= 10 and 27meV. The dashed lines are linear fits of the data points between 0 and 5 T. b, The transmission
ratio T(B)/T(0) at the same fields. In the inset the absorption spectra 1 T(B) for B=0T and 7 T are shown. The dashed lines in both panels and the inset
of b are fits using the classical cyclotron resonance equations (4) and (5). c, The absorption of the same sample at room temperature in zero field
(symbols), showing a clear step at h¯!= 2|✏F| due to Pauli blocking as shown in the inset. The blue line is a fitting curve using a phenomenological
broadened step function a+btanh[(h¯! 2|✏F|)/ ✏] giving |✏F| =0.34±0.01 eV. d, The band dispersion near the K point measured by ARPES on another
sample prepared in the same way. e, The cyclotron energy as a function of B. The dashed line is a theoretical dependence based on equation (6) using
vF = 1.02⇥ 106 and ✏F = 0.34 eV. f, The field dependence of the carrier mobility. The error bars in e and f represent the difference between the extreme
parameter values obtained from a series of fits of the magneto-optical transmission and Faraday rotation spectra, where the input data were varied
arbitrarily within the range of their systematic uncertainties.
morphology and essentially unlimited size25,26. Here, we used
single- and multilayer graphene (SLG and MLG), grown
respectively on the Si-terminated26 and C-terminated25 surfaces
of 6H-SiC. The first sample underwent hydrogen passivation of
the Si dangling bonds27,28, resulting in quasifreestanding SLG. The
MLG consists of four to six rotated atomic layers (see the Methods
section). These samples enabled us to explore the cases of both
electron and hole doping as well as to access both the classical (high-
doping) and quantum (low-doping) regimes as described below.
Figure 2a shows the Faraday angle ✓ measured on SLG at 5 K in
magnetic fields up to 7 T in the far-infrared range as described in
the Methods section. The spectra show a strongly field-dependent
edge-like structure, giving rise to a positive rotation at low energies
and negative ✓ at high energies. The maximum Faraday rotation
exceeds 0.1 rad (⇠6 ), which is an exceptionally large effect given
that it comes from a single layer. Measurements on the bare
substrate did not reveal any Faraday effect, hence the observed
rotation comes exclusively from the carbon monolayer. The inset
shows the field dependence of ✓ at 10 and 27meV. The curves
follow an approximately linear dependence, with opposite slopes of
+18.5mrad T 1 and 4.5mrad T 1 respectively.
The zero-field-normalized transmission spectra T (B)/T (0) of
SLG also reveal a strong magnetic-field dependence (Fig. 2b). The
inset shows the absorption (1 T ) at 0 and 7 T. We can clearly
see a strong Drude peak, signalling a high doping level. The peak
centre shifts from zero to a finite energy at 7 T, which is due to the
cyclotron resonance as we discuss below. Although an estimate of
the doping can be made from the integrated intensity of the Drude
peak, the most direct measurement of the Fermi energy comes
from the absorption spectra in the mid-infrared range (Fig. 2c),
where an absorption edge is easily recognized. This is expected to
be at 2|✏F| owing to Pauli blocking6,12,13,16,17, giving an estimate for
|✏F| = 0.34± 0.01 eV.
Independently, we have carried out angle-resolved photoemis-
sion spectroscopy (ARPES) on a similar sample (Fig. 2d). The ob-
tained dispersion curves show that the sample is p doped (the Fermi
level is in the valence band). The Fermi energy inferred from optical
measurements is in a reasonable agreement with an extrapolation
of the occupied bands measured by ARPES. Below we show that the
carrier type can also be directly extracted from the Faraday rotation.
The doping level and field strength used here puts the system in
the classical regime, where the separation between the LLs at the
Fermi energy is much smaller than ✏F (refs 17,21). In this case, the
Dirac quasiparticles are expected to exhibit the classical cyclotron
resonance effect. Indeed, the data in Fig. 2a,b at each separate field
are well fitted (dashed lines) using equations (2) and (3) and the
classical Drude formulae:
 xx(!,B)= 2D
⇡
· 1/⌧  i!
!c2  (!+ i/⌧ )2 (4)
 xy(!,B)= 2D
⇡
· !c
!c2  (!+ i/⌧ )2 (5)
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Figure 1.9: Faraday rotation and magneto-optical transmission spectra of single
layer graphene grown on the Si-face of SiC. a) Graph showing the fara-
day angle θ in the spectral range from 10 meV(' 2.42 THz) to 60
meV(' 14.51 THz) at several magnetic fields up to 7T at 5K. In the
inset the magnetic field dependence of θ at ~ω= 1 and 27 meV is pre-
sented. b) The relative transmission spectra T (B)/T (0) at the same
fields. The absorption spectra 1− T (B) for B=0 and B=7T are shown
in in the inset. The dashed curves are the theoretical results obtained
using the quasi-classical formulae for the element of the conductivity
tensor, Eqs. 1.73.
large quantum nu ber N . In this limit, the energy displacement between
this Nth LL and the N + 1th is:
EN = E1(
√
N + 1−
√
N) ≈ E1
2
√
N
(1.71)
Substituting the xpressions for EF and E1, the following en rgy ~ωc is
derived:
~ωc =
~eBv2F
EF
(1.72)
The frequency ωc is the so called cyclotron frequency. The cyclotr n
frequency linearly scales with B and it is inversely proportional to the
Fermi e ergy. Thus, the cyclotron resonance f massless Dirac fermions
is similar to the one of conventional massive particles, but with the dif-
ference that the Dirac fermions have a cyclotron mass which depends on
the Fermi energy as m∗ = EF/v2F .
The same result is achieved with classical considerations. If a charged
pa ticle ith a mass m∗ = EF/v2F , deriving from the linear dispersion of
Eq. 1.52, is subjected to a magnetic field ~B perpendicular to its velocity,
it describes a circular motion in the plane ortho onal to ~B. Equalling
the Lorentz force to the centripetal force, the same expression for ωc of
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Eq. 1.72 arises.
Due to the similarity with the classical electron gas, the Drude-Lorentz
model, described in Section 1.2.3, can be successfully applied to graphene
in this regime [10, 35, 39]. The diagonal and off-diagonal elements of the
conductivity tensor of graphene appear to be:
σxx(ω,B) =
2D
pi
γ − iω
ω2c − (ω + iγ)2
σxy(ω,B) = −2D
pi
ωc
ω2c − (ω + iγ)2
(1.73)
Here, the Drude weight D is:
D =
pi|n|e2
m∗
=
2σ0|EF |
~
(1.74)
The relative magneto-transmission T (B)/T (0) can be adequately fit by
adjusting the parameters B, EF and γ. Observing Figure 1.9, the trans-
mission clearly reflects the low-energy free carrier (Drude-type) absorp-
tion which monotonically decreases with photon energy and that it is
gradually suppressed increasing the field. The dominant feature is due
to the cyclotron resonance which causes an absorption maximum close
to the cyclotron frequency ωc.
Passing to the circular basis, the conductivity σ+ for right-handed cir-
cular polarization and the one σ− for left-handed circular polarization
are:
σ± =
2D
pi
i
ω ± ωc + iγ (1.75)
In order to study the Faraday effect in graphene, we consider a linearly
polarized electromagnetic wave propagating in air which impinges per-
pendicularly on an infinitesimal interface, that plays the role of graphene,
positioned at some given point in space and which travels through a sub-
strate of infinite length with a refractive index ns. Working with the
Maxwell’s equations and the boundary conditions at the air-graphene-
substrate, the transmission amplitudes t± for both circular polarizations,
defined as the ratios between the transmitted electric field Et± and the
incident electric field Ei, are calculated to be [32, 40]:
t± =
2
1 + ns + cµ0σ±
= |t±|eiθ± (1.76)
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Giant Faraday rotation in single- and
multilayer graphene
Iris Crassee1, Julien Levallois1, Andrew L. Walter2,3, Markus Ostler4, Aaron Bostwick3, Eli Rotenberg3,
Thomas Seyller4, Dirk van der Marel1 and Alexey B. Kuzmenko1*
The rotation of the polarization of light after passing a medium
in a magnetic field, discovered by Faraday1, is an optical
analogue of the Hall effect, which combines sensitivity to the
carrier type with access to a broad energy range. Up to now
the thinnest structures showing the Faraday rotation were
several-nanometre-thick two-dimensional electron gases2. As
the rotation angle is proportional to the distance travelled
by the light, an intriguing issue is the scale of this effect in
two-dimensional atomic crystals or films—the ultimately thin
objects in condensed matter physics. Here we demonstrate
that a single atomic layer of carbon—graphene—turns the
polarization by several degrees in modest magnetic fields.
Such a strong rotation is due to the resonances originating
from the cyclotron effect in the classical regime and the
inter-Landau-level transitions in the quantum regime. Com-
bined with the possibility of ambipolar doping3, this opens
pathways to use graphene in fast tunable ultrathin infrared
magneto-optical devices.
Graphene’s unusual physical properties3,4 make it highly
attractive for both fundamental research and new applications.
Importantly, the conduction and valence bands in graphene show
a relativistic massless dispersion and a chiral character of the
electronic wavefunctions, resulting in non-equidistant Landau
levels (LLs) (n= 0,±1,±2...):
En = sign(n)
p
2eh¯vF2|nB| (1)
in a perpendicular magnetic field B, which includes an anomalous
LL at zero energy E0 = 0 (e > 0 is the elementary charge and
vF ⇡ 106 m s 1 is the Fermi velocity). As a consequence, graphene
shows the half-integer quantum Hall effect5,6, first observed in
exfoliated graphene flakes7,8 and later in graphene epitaxially grown
on SiC (refs 9–11).
The optical properties of graphene are equally unusual. The
relativistic and gapless dispersion results in a universal and constant
optical conductivity of  0 = e2/4h¯ (refs 6,12–17) for the photon
energies h¯! above twice the Fermi energy (✏F). In magnetic field,
the non-equidistant spacing of the LLs gives rise to a spectacular
series of absorption peaks, corresponding to transitions between
various levels18–21. In contrast, only one peak, centred at the
cyclotron frequency !c = eB/mc, wheremc is the cyclotron mass, is
observed in conventional two-dimensional electron gases produced
in semiconductor heterostructures.
Up to now, experimental magneto-optical studies of
graphene18,19,21 have been focused on the diagonal conductivity
1Département de Physique de la Matière Condensée, Université de Genève, CH-1211 Genève 4, Switzerland, 2Department of Molecular Physics,
Fritz-Haber-Institut der Max-Planck-Gesellschaft, Faradayweg 4–6, 14195 Berlin, Germany, 3E. O. Lawrence Berkeley Laboratory, Advanced Light Source,
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Germany. *e-mail: Alexey.Kuzmenko@unige.ch.
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Figure 1 | Schematic diagram of the magneto-optical Faraday-rotation
experiment. The polarization plane of the linearly polarized incoming beam
is rotated by the Faraday angle ✓ after passing through graphene on a SiC
substrate in a perpendicular magnetic field. Simultaneously, the
polarization acquires a certain ellipticity. The positive direction of the
magnetic field is along the z axis.
component  xx(!,B); the off-diagonal, or a.c. Hall22, conductivity
 xy(!,B) was addressed only theoretically20,23,24. The diagonal and
Hall conductivities are directly related to the absorption 1  T
and Faraday rotation angle ✓ (Fig. 1) respectively. Adopting the
thin-film approximation and keeping only the terms linear in
conductivity18,23, the following expressions are obtained:
1 T (!,B)⇡ 2Z0fs(!)Re[ xx(!,B)] (2)
✓(!,B)⇡Z0fs(!)Re[ xy(!,B)] (3)
where T is the substrate-normalized transmission (see theMethods
section), Z0 ⇡ 377 is the impedance of vacuum and fs(!) is a
spectrally featureless function specific to the substrate (as described
in Supplementary Information). Notably, the diagonal conductivity
is formally independent of the sign of the charge carriers, whereas
the d.c. Hall conductivity, which is sensitive to the carrier type,
lacks spectral information. Therefore, studying the Faraday rotation
is needed to complete the picture of the dynamics of electrons
and holes in graphene.
Graphene, epitaxially grown on silicon carbide, is well
adapted for magneto-optical studies because of its well-controlled
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Figure 1.10: Schematization of the Faraday rotation effect caused by a mono-layer
of graphene over SiC substrate. The polarization plane of the linearly
polarized incoming wave is deflected by the Faraday angle θ after pass-
ing throughr the sample in the presence of a magnetic field parallel to
the propagation direction of the beam. Furthermore, the final state of
the polarization is no more linear, but it acquires a certain ellipticity.
Image from [10].
From this equation the otation angles θ± for rig t- and left-ha ded cir-
cular polarization can be derived respectively:
θ± = arctan
cµ0σ
′′
±
1 + ns + cµ0σ
′
±
(1.77)
where σ
′
± and σ
′′
± are the real and imaginary parts of σ±, implying that
σ± = (σ′xx ∓ σ′′xy) + i(σ′′xx ± σ′xy).
Defining the Faraday angle θF as
θF =
1
2
(θ+ − θ−) (1.78)
and assuming that σ
′′
xx  1 and that 1 + ns  cµ0σ′±, the Faraday angle
reads:
θF ≈ cµ0
1 + ns
σ′xy (1.79)
This last equation implies that Re(σxy) determines the magnitude and
the sign of th angle of the Faraday rotation. Consequently, the strength
of the Faraday rotati n of gr phene arises from the value of its Drude
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weight D. At a given frequency and under a certain magnetic field, a
bulk material has to be from hundreds of µm to a few centimeters long
to acquire the same giant Faraday rotation. It is important to notice
that due to the different transmission amplitudes for the two circular
polarizations, the final state of polarization of the initial linearly polar-
ized electromagnetic wave acquires a certain ellipticity. The degree of
ellipticity can be measured with the value assumed by the axial ratio AR
defined in section 1.1, which now can be written as:
AR =
|t+|+ |t−|
||t+| − |t−|| (1.80)
With the same assumptions used to derive Eq. 1.79, the AR results to
be:
AR ≈ 1 + ns
2cµ0|σ′′xy|
(1.81)
The imaginary part of σxy describes how the final state of polarization
deviates from the initial linear polarization state. As soon as the value
for σ
′′
xy begins to be different from zero, the final polarization starts to
be elliptic. It must be stressed that Eq. 1.81 works in the limit 1 +ns 
cµ0(σ
′
xx + σ
′′
xy), thus for not so high value of σ
′′
xy. To derive Eq. 1.79 an
infinite thickness of the substrate was considered in order to avoid the
complication of multiple reflections at a new interface at the opposite
side. Considering the more realistic case of a finite thickness of the
substrate by adding another interface on the right side (see Figure 1.10) in
the absence of phase coherence between internally reflected rays (due to
a wedged substrate or a rough sample surface), the following expressions
are obtained [10]:
1− T (ω,B) ≈ 2Z0fs(ω)σ′xx(ω,B)
θ(ω,B) ≈ Z0fs(ω)σ′xy(ω,B)
(1.82)
Here, T (ω,B) is the substrate-normalized transmission, Z0 =
√
µ0
0
≈
377 Ω is the impedance of vacuum and fs(ω) is a spectrally featureless
function specific to the substrate.
In the case of a flat and homogeneous substrate, the internally reflected
waves add up coherently, resulting in Fabry-Pe`rot oscillations both in the
transmission spectra and in the Faraday rotation [11].
Graphene with its intrinsic giant Faraday rotation can be considered as
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the platform for a new type of non-reciprocal devices characterized by
very sub-wavelength dimensions. What we need now is to find something
which allows to amplify its properties preserving, as far as possible, its
two dimensional character. In the following section a possible solution in
this perspective is introduced.
1.4 Engineering light-matter interaction:
Metamaterials
The continuous development of the photonics field imposes even more
demanding capablities in order to generate, control and detect the prop-
erties of light. This gives rise to a constant research of new ways of
engineering light-matter interaction, and thus the need of new matter
properties or eventually new materials. Often, in fact, naturally occur-
ring materials are not enough to satisfy the requested properties.
1.4.1 Metamaterials as effective medium
The response of a bulk material to the presence of an electromagnetic
field is determined to a large extent by the properties arising from the
chemical constituents and the bonds between them. As is well known, the
description of the electromagnetic behaviour of a material is defined by its
macroscopic optical parameters, the permittivity  and the permeability
µ. This allows the classification of a medium as reported in Figure 1.11
[41]. A medium with both positive permittivity and permeability ( > 0,
µ > 0) will be designated a double-positive (DPS) medium. Dielectrics
fall under this category. A medium with negative permittivity and pos-
itive permeability ( < 0, µ > 0) will be indicated as epsilon-negative
(ENG) medium. In certain frequency regimes, many plasmas exhibit
this characteristic. For example, noble metals behave in this manner in
the infrared (IR) and visible frequency domains. When permittivity is
greater than zero and permeability less than zero ( > 0, µ < 0) the
material will be called mu-negative (MNG) medium. Only some ferrites
and other gyrotropic magnetic materials belong to this class. The last
group instead is formed by the so called double-negative (DNM) media in
which both permittivity and permeability are negative. The particularity
of this category is that, to date, no material with this property is found in
nature. Nevertheless, this kind of media, theoretically investigated by V.
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Figure 1.2 Material classifica-
tions.
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and permeability greater than zero (ε > 0, µ > 0) will be designated a double-
positive (DPS) medium. Most naturally occurring media (e.g., dielectrics) fall
under this designation. A medium with permittivity less than zero and permeabil-
ity greater than zero (ε < 0, µ > 0) will be designated an epsilon-negative (ENG)
medium. In certain frequency regimes many plasmas exhibit this characteristic.
For example, noble metals (e.g., silver, gold) behave in this manner in the infrared
(IR) and visible frequency domains. A medium with the permittivity greater than
zero and permeability less than zero (ε > 0, µ < 0) will be designated a mu-
negative (MNG) medium. In certain frequency regimes some gyrotropic materials
exhibit this characteristic. Artificial materials have been constructed that also have
DPS, ENG, and MNG properties. A medium with both the permittivity and per-
meability less than zero (ε < 0, µ < 0) will be designated a DNG medium. To
date, this class of materials has only been demonstrated with artificial constructs.
This medium classification can be graphically illustrated as shown in Figure 1.2.
While one often describes a material by some constant (frequency-
independent) value of the permittivity and permeability, in reality all material
properties are frequency dependent. There are several material models that have
been constructed to describe the frequency response of materials. Because the
magnetic field of an electromagnetic wave is smaller than its electric field by
the wave impedance of the medium in which it is propagating, one generally
focuses attention on how the electron motion in the presence of the nucleus and,
hence, the basic dipole moment of this system are changed by the electric field.
Understanding this behavior leads to a model of the electric susceptibility of the
medium and, hence, its permittivity. On the other hand, there are many media for
which the magnetic field response is dominant. One can generally describe the
magnetic response of a material in a fashion completely dual to that of the elec-
tric field using the magnetic susceptibility and, hence, its permeability. While the
magnetic dipoles physically arise from moments associated with current loops,
they can be described mathematically by magnetic charge and current analogs of
the electric cases.
One of the most well-known material models is the Lorentz model. It is
derived by a description of the electron motion in terms of a driven, damped
Figure 1.11: Material classification in the ”material parameter space” constituted
by the electric permittivity  and the magnetic permeability µ. Figure
from [41].
Veselago in 1968 [42], can be artificially fabricated in the laboratory [43].
This result is only an example of what new concepts in synthesis and
novel fabrication techniques, especially in the field of nano-fabrication,
are capable to do. Various others types of electromagnetic composite
media such as chiral aterials, om ga media, wire media, bi-anisotropic
media and local and non-local media, just to list a few of them, have been
studied by numerous research groups [41, 44]. All these artificial complex
materials are made to overcome the deficiencies of the electromagnetic
response of matter in the frequency range of interest. For example, nat-
urally existing materials that exhibit magnetic responses with negative
permeability are far less common than those that manifest it in the elec-
tric responses. This is particularly true for frequencies larger than the
gigahertz region, where the magnetic response of most materials begins
to tail off. Thus, the necessity to tune in frequency the magnetic response
and eventually also the electric response comes out. In this perspective,
the THz regime is one of the most emerging fields in which these man-
made composite materials find a large scale of applications and where
they are acquiring even more of a fundamental role [45].
All the artificial structures aforementioned belong to the very wide class
of metamaterials. Although currently there is not a universal defini-
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tion that frames exactly the meaning of the word metamaterials, the
attributes, which may be used to classify them, can be summarized in
the next paragraph [46].
Their structure is basically composed of a periodically or aperiodically ar-
rangement of subwavelength (typically metallic) resonators held together
in a host medium that can be a dielectric or a semiconductor. The ap-
pellative ”meta” is due to the fact that they can be engineered to have
specific electromagnetic properties at desired frequencies in order to over-
come the limitations of ordinary materials and then go ”beyond” them.
The peculiarity which differentiates metamaterials from other types of
artificial media, like photonic crystals, is that the size and spacing of
the resonators are much smaller than the operating wavelength λ in free
space of the radiation, at least λ/10. This implies that when an elec-
tromagnetic wave propagates through a metamaterial, the microscopic
detail of each fundamental element of the structure cannot be sensed by
the electromagnetic wave. The key point is the average result of the col-
lective response of the whole assembly. In other words, such a collection
of inhomogeneous objects can be characterized by an equivalent homo-
geneous material with effective relative permittivity eff and permeability
µeff, and so with an effective index of refraction neff. Such a composite
is said to be an effective medium. Thus, the most attractive aspect of
metamaterials is that eff and µeff can be controlled using properly de-
signed structures. The designer has to work with a large connection of
independent parameters (or degrees of freedom) in order to engineer a
metamaterial with specific electromagnetic response functions: the prop-
erties of the host medium, the size, shape, composition of the constituent
elements and also their density, arrangement and alignment. All of these
parameters influence the final outcome of the synthesis process. Among
these, the geometry of the resonators plays a key role and provides a
variety of possibilities for metamaterials processing. In this sense, meta-
materials differ completely from ordinary materials; they do not depend
primarily on the intrinsic properties of the chemical constituent which
forms the resonators.
1.4.2 Metamaterials as a bridge between photonics and
electronics
It is interesting to make a comparison with the field of electronics. As it
is clear from day life, the field of electronics is one of the most successful
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fields in physics. From the physics point of view, the fundamental rea-
son behind its importance resides in the ability to control the motion of
charge particles; by applying an electric field, electric charges will move
to the place we want them to go. On the other hand, from the system
point of view, electronics allows us to modularize the electric field with
circuit elements. Using simply a capacitor with capacitance C, an induc-
tor with inductance L and a resistor with resistance R, and connecting
them together, it is possible to already modularize the field in an infinite
set of possibilities.
An analogue simplification can carried out in the field of nanophotonics .
Metamaterials are the key concept to try to merge the field of photonics
with electronics. Electronics can be seen as based on a sort of metamate-
rial able to control the three-dimensional inhomogeneous distribution of
conductivity or equivalently the electron mobility of a system. Similarly,
an optical system can be interpreted as a three dimensional distribution
of the index of refraction. Electromagnetic metamaterials constituted by
optical resonators can have the same role in photonics as circuit elements
have in electronics. Historically in optics, in order to control the prop-
agation of light, objects with spatial dimensions much bigger than the
wavelength of light are used, like waveguides, lenses and mirrors. Never-
theless, the new frontiers of nanotechnology allow to obtain these optical
elements with very sub-wavelength dimensions and to combine them. As
suggested by N.Engheta et all. [41], circuit elements could be thought of
as nanostructures which act like them. In other words, each nanostruc-
ture has a proper optical impedance. Putting them in proximity to each
other, a new type of circuits would arise.
It is shown theoretically and experimentally [47, 48] that a nanopar-
ticle made of a material with a positive real part of the permittivity
(Re() > 0) has an optical impedance associable to a capacitor, while a
nanostructure with a negative real part of the permittivity (Re() < 0)
generates an optical impedance that resembles the one of an inductance.
Finally, the presence of losses naturally occurs in all materials; this means
that a nanoparticle must have a resistance arising from a non-zero value
of the imaginary part of the permittivity (Im() 6= 0). What is very sig-
nificant is that, the optical impedances of the nanoparticles have experi-
mental values which are about six orders of magnitude smaller than the
ones of their electronic counterparts. This results in a very small value
of the RC constant, thus implying a very fast response of the optical
circuit, enabling it to respond to pulses with a duration of about 10−16s.
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Therefore, in the same manner as in electronics, RLC optical circuitz
of nanoparticles can be produced. The values of the optical impedances
determine the resonant frequency ω0 = 1/
√
LC of the system.
In electronics, the circuit component can be connected in series or in par-
allel. In optical circuits this distinction is no more so evident. Depending
on the system illumination, the composition of nanoparticles can act as
a passband-like filter, a band-stop filter or a low-pass filter.
1.4.3 A relevant kind of resonant metamaterial:
split-ring resonators (SRRs)
One of the most common metamaterial elements utilized to produce a
magnetic or an electric response, in some cases also both of them, is the
Split Ring Resonator (SRR). It was originally pionereed by Pendry et al
in order to produce resonant magnetic permeability [49]. Metamaterials
based on SRRs can be three- or two-dimensional arrangements of a single
resonator. Periodic lattices of resonators can be created. The unit cell,
the smallest part which constitutes the repeating pattern, can be of dif-
ferent shapes and can contain one or more resonators. SRRs can have the
most varied forms (see Figure 1.12 for a few of examples). According to
how many loops they have, there can be single, double or multiple-SRRs.
There are infinite possibilities for the their shape; from very symmetric
type like circular-SRRs to more asymmetric geometries like the S-shaped
or others exotic schemes. Nevertheless, a generic SRR is constituted at
least by an open ring made by non-magnetic metal, like for example gold
or copper. The opening in this loop is called ”gap” and it gives rise
to the resonant electromagnetic behaviour which does not appear in a
closed ring. As shown in the previous section, optical impedances emerge
intuitively from observing the shape of some simple SRRs. Considering
the geometry (c) in Figure 1.12, the two parallel plates in the centre of
the SRR represent the plates of a capacitor, while the lateral wires at the
two sides act as inductances. The capacitance C can be approximatively
given, as in a common capacitor, by:
C ≈ 0r ph
g
(1.83)
Here, 0 is the permittivity of the vacuum, r is the relative permittivity
of the substrate under the SRR of thickness h. The fraction, formed by
the characteristic lengths of the geometry specified in the description of
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using wave propagation perpendicular to the SRR plane. In a study of double SRRs [see Fig. 7(a)]
at terahertz frequencies, the effects of the shape (either square or circular), polarization, substrate,
and lattice constant on the resonance properties are observed. For the polarization parallel to the
gap-bearing side, LC and dipole resonances are present, but the LC resonance disappears in the
other polarization [74]. The lattice constant largely affects the dipole and not the LC resonances,
while a higher dielectric constant of the substrate causes a redshift to every resonance [74]. As
indicated by another study on terahertz metamaterials, the gap orientation among single SRRs
[see Fig. 7(b)] has a remarkable impact on the dipole resonance due to the inter-ring coupling nature
[75]. The thickness of SRRs is also a topic of interest in terahertz spectroscopy. Metallic SRRs with a
sub-skin-depth thickness have a large resistance such that the characteristic resonances are
damped and eventually become extinct [76]. The evolution of the SRRs’ resonances at terahertz
frequencies with respect to the metal thickness is given in Fig. 8.
A number of eSRRs are designed to resonate in the terahertz regime [30], [77]–[80]. The
standard eSRRs [see Fig. 7(c)] basically suppress a magnetic response in favor of a pure electric
Fig. 7. Some SRR variants studied at terahertz frequencies. The variants shown here are (a) double
SRR, (b) single SRR, (c) eSRR, (d) four-fold rotational-symmetry eSRR, (e) rectangular eSRR, and
(f) complementary eSRR. The common field orientation is indicated for all structures, excepting for the
complementary eSRR that requires the in-plane 90! field rotation. The illustrations are not to scale.
Fig. 8. Resonance as a function of SRR thickness. The SRR type and field orientation are according to
Fig. 7(a). Multiple modes of resonances are indicated. In this experiment, the metal used to form the
SRRs is lead (Pb) with a skin depth ! of 336 nm at 0.5 THz. After [76].
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Figure 1.12: Examples of some geometries of SRRs typically used in the THz
regime. The types of SRRs reported are (a) double SRR, (b) single
SRR, (c) eSRR, (d) four-fold rotational symmetry eSRR, (e) rectangu-
lar eSRR and (f) complementary eSRR. The analogues with circular
shapes are obviously possible. In (b) the common electric field orien-
tation is also shown. For the complementary eSRR the direction of the
field has to be rotated in plane of an angle of 90◦ in order to behave
in a similar way. In (c) the geometric parameters are indicated; the
width of the wire w, the width of the capacitor p and the length of the
gap g. Figure adapted from [45].
Figure 1.12, stands for the ratio between the area of each plate and the
distance between them. The inductance of the SRR qualitatively reads
as:
L ≈ µ0 l
2
h
(1.84)
where µ0 is the permeability of vacuum, and the fraction l
2/h indicates
the ratio between the area of the coil and the thickness of the SRR.
Regarding the SRR as an optical circuit, the resulting resonant frequency
ωLC of the element will be:
ωLC =
1√
LC
≈ 1
c l
√
g
rp
(1.85)
This expression implies that the thickness h of the SRR does not in-
fluence the position in frequency of the resonance. On the other hand,
the frequency ωLC is inversely proportional to the length of the side of
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the square and thus to the length scale of the unit element. A way to
increase the resonant frequency is to increase the width of the plates and
to decrease the gap. Alternatively to decrease ωLC , p and g must be
changed in the opposite sense. It is evident also that if the gap is elimi-
nated (g = 0) the resonant frequency goes to zero, in accordance with the
absence of resonance for a closed ring. Nevertheless, the LC resonance
scales exactly reciprocally with the dimension of SRRs at low frequen-
cies, up to several THz. At higher frequencies the contribution to the
inductance arising from the kinetic energy of moving electrons must be
considered as well, which adds up to the previously considered geometric
inductance originated by the magnetic energy stored. Since the electron
self inductance is inversely proportional to the size l, under a certain spa-
tial dimension (i.e. at high frequencies) the kinetic energy of electrons
becomes comparable with the magnetic term and eventually dominates
[50]. Therefore, the resonant frequency deviates from the inverse linear
scaling and tends to saturate. In the context of this thesis, the THz spec-
tral range will be studied. In this spectral region, the frequency scaling
is almost perfectly linear with the size of the single resonator.
For a planar metamaterial composed of SRRs, the electromagnetic re-
sponse will depend on which way it is illuminated. Considering for sim-
plicity linearly polarized plane waves, different behaviour of the metafilm
can be observed according to what the direction of polarization is. Since
usually this kind of metafilms exhibit a bianisotropic response, a full
electromagnetic characterization is even more difficult. As revealed by
symmetry arguments, the magnetic µ(ω) and electric (ω) responses oc-
cur at the same frequency [51]. This means that a coupling between the
frequency dependent electric and magnetic responses could exist. There-
fore, at a given frequency, by simply changing the direction of polariza-
tion with respect to some axis of symmetry, a specific kind of response
can be selected. In this way, the particular engineered shape of the SRR
determines if the metasurface has a magnetic response, an electric one
or a combination of the two.
As explained in section 1.4.1, a metamaterial can be seen as equiva-
lent to a homogeneous material with particular effective properties. For
a metasurface of SRRs, each SRR plays the role of the atom in a bulk
material and for this reason a SRR can be seen as a ”meta”-atom. This
fact justifies the very good accordance of the Lorentzian model with the
experimental data. In the case of a double-SRRs, composed of two con-
centric metallic split-rings with opposite gaps, when the SRR is coupled
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electric LC resonators), have neither magnetic nor magnetoelectric couplings. The schematics of
the coupling modes are given in Fig. 3. Under uniform magnetic excitation, the circulating currents
in the adjacent loops are equal and mutually nullified, yielding no magnetic response. For an electric
excitation, opposite magnetic dipoles are induced in the adjacent loops, resulting in a net zero
magnetic dipole, i.e., no magnetoelectric coupling.
In addition to the fundamental mode or LC resonance, higher modes of electric resonances, such
as dipole or quadrupole, can be excited in eSRRs, but these resonances are no longer in the
effective medium limit, i.e., the wavelength-to-lattice ratio becomes closer to unity. Therefore, these
higher modes are less relevant to the operation of metamaterials.
2.4. Wires/SRRs Combination
In 1968 Veselago [36] raised a series of questions about a hypothetical material with
simultaneous negative electric and magnetic responsesVwhether it is possible, how it interacts
with the radiation, and where it can be found. Purely from the theoretical viewpoint he asserted that
such a material can exist and does not violate any law of physics, and moreover it interacts with the
electromagnetic wave in novel ways. Essentially, in a material with a permittivity and permeability
being subzero, E and H form a left-handed vector set with respect to k , i.e., the wave vector
becomes negative. In contrast, the Poynting vector S, indicating the propagation direction of wave
energy, still forms a right-handed triplet with E and H . Hence, the wavefront propagates backward
in the medium, and is antiparallel with the direction of energy flow. Postulated by Veselago, this kind
of medium, if realized, would exhibit a number of intriguing phenomena, including the reversed
Doppler, reversed Cherenkov radiation, and negative refraction. Furthermore, he suggested that
negative permittivity and permeability are most likely to occur in natural anisotropic substances, but
none has been found to date. Note that the term Bleft-handed materials[, inferred from the left-
handed vector triplet, was adopted in early work, but this term is also used in the context of chirality
and thus can be misleading. Consequently, to avoid confusion with chiral materials the terms NIMs
or double-negative materials are currently preferred.
The idea of NIMs had remained theoretical for more than 30 years since its first introduction. The
advent of metamaterials with tailored electric [8] and magnetic [9] responses pointed the way
toward a possible implementation of NIMs by combining the two classes of metamaterials. The fill
factors of metamaterials are so small that the mutual interaction between the two classes is
minimized, and their original characteristics, namely the negative permittivity and permeability, are
preserved [37]. The first NIM, realized by Smith et al. [14] in 2000, combines copper SRRs and thin
wires, as shown in Fig. 4, to produce negative ! and " in the microwave frequency band. A
transmission measurement reveals a passband around 5 GHz, implying the presence of negative
refractive index, since the negative permittivity or permeability alone will prohibit the propagation
modes. The result was reproduced with similar experiments [38], [39] and with a refined numerical
simulation [40].
Fig. 3. eSRRs. (a) The external magnetic oscillation induces two identical looping currents that cancel
each other, causing no magnetic coupling. (b) The external electric oscillation develops clockwise and
anticlockwise currents that induce net zero magnetic flux density in the structure. The directions of
polarizations, dipoles, and currents are at a time instance.
IEEE Photonics Journal Metamaterials in the Terahertz Regime
Vol. 1, No. 2, August 2009 Page 103
Fi ure 1.13: Square eSRRs. (a) Case of an external magnetic fie d oscillating per-
pendicularly to the pl nar geometry which induces two identical loop-
ing currents that cancel each other, resulting in nonmagnetic coupling.
(b) Case of an external electric field oscillating in the direction per-
pendicular to the gap that generates a clockwise current in one loop
and a anticlockwise current in the adjacent, thus resulting in a net zero
magnetic dipole moment. Figure adapted from [45].
to a magnetic field component oscillating in the axial direction, the ring
establishes a current flow, which further generates a magnetic dipole par-
allel or antiparallel to the magnetic field. Thus, a magnetic (or LC type)
resonance frequency ωm0 arises and the effective magnetic permeability
acquires a Lorentzian shape [49]:
µeff = 1− Fω
2
ω2 − ωm0 + iγω (1.86)
where γ represents the energy dissipation and F is the filling factor of
the SRR, namely the ratio between the volume occupied by the res-
onator and the volume of the entire unit cell. Equation 1.86 implies that
the structure, in different frequency regions, can support paramagnetism
(µeff > 1) and diamagnetism (µeff < 1), including a negative permeabil-
ity. Otherwise, for an electric field parallel to the gap-bearing side, the
double-SRR can couple to the field, leading to an electric LC resonance
at the sa e frequency as the magnetic LC resonance discussed above
[52]. In order to suppress this bi-anisotropic behaviour, an appropriate
symmetry with respect to the electric field direction is introduced. In
this way, SRRs with neither magnetic or magnetoelectric couplings can
be created; this kind of SRRs are called electric-SRRs (eSRRs) and they
constitute the subject of this work. Considering the eSRRs in Figure 1.13
under a uniform perpendicular magnetic field, the circulating currents in
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the adjacent loops are equal and mutually nullified, yielding no magnetic
response. The electric excitation is instead possible by sending a linearly
polarized plane wave with the electric field oscillating in the direction
orthogonal to the gap. The opposite magnetic dipoles induced in the
adjacent loops still result in a net zero magnetic dipole. Similarly to
the case of the double-SRR, the electric response of the eSRR can be
described by an effective electric permittivity eff in the same form of Eq.
1.86.
In addition to the LC resonance, higher electric, such as dipole or quadrupole
resonances, can be excited in the eSRRs. However, these resonances are
no longer in the effective medium limit; the wavelength becomes compa-
rable or even smaller to the dimension of the SRR.
1.4.4 Metasurface-graphene coupled system
Metamaterials allow natural materials to be designed and tailored in or-
der to achieve otherwise unavailable properties, as argued in Section 1.4.
Additionaly metamaterials can be used as a tool for enhancing optical
processes of existing materials thanks to the confinement of electromag-
netic fields into highly sub-wavelength volumes that increase the strength
of the light-matter interaction [53, 54].
What happens if this concept is extended to materials with non-common
intrinsic properties, like for instance graphene? Although it has excep-
tional optical properties as described in Section 1.3, graphene alone is
not enough for the realization of optical devices like for example Faraday
isolators. The combination of a metasurface with graphene will open the
way to unprecedented performances and eventually new physics. In order
to improve the optical response of graphene and to extend its photonic
applications, the coupling of graphene and matematerials have been in-
vestigated. A number of results were obtained; 250% variation in the
infrared spectral response has been reported by graphene-metamaterial
interband carrier coupling [55], the same efficiency is also proved by nu-
merical simulations [56], the enhancement of the Raman scattering of
graphene using array of SRRs [57] and the increase of optical/plasmonic
response using Au nanoparticles [58] have also been demonstrated. All
these mentioned research works are related to the interband carrier cou-
pling transition.
Graphene provides an important contribution also in the THz spectral
region where it is successfully applied in the fabrication of detectors
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[59, 7], modulators [60] and in some cases also sources [61, 62]. Most of
the common semiconductors are transparent in this range of frequency,
thus manipulation of the radiation may be very difficult. Graphene has
been demonstrated to be suitable for broadband THz devices thanks
to the dominant and tunable electric intraband contribution at these
low frequencies [63]. Thus, also in this spectral domain the graphene-
metamaterial hybridization can constitute an interesting direction of re-
search. The intraband carrier coupling in the hybrid structure could
improve the properties of both metamaterials and graphene to achieve
complementary and advantageous performances in the THz region. Due
to their quasi-two dimensional build, metasurfaces are particularly com-
patible to be assembled with the natural two-dimensionality of graphene,
giving rise to a new class of ultra-subwavelenght photonic devices. Al-
though many efforts have been spent in this direction [54, 64], a complete
comprehension of the mechanism of this coupling is still uncleared. J.
Li et al. [12] proposed a phenomenological explanation to quantitatively
reveal the strength of the interaction between graphene and the SRR’s
in the THz region in terms of two springs in communication by a third
one Figure 1.14. According to this model, the behaviour of the system
transmission of graphene–SRRs hybrid structure in Fig. 3(a).
The THz response in off-resonant region shows increased
THz absorption. A red-shift can also be observed in THz
intensity spectra (Fig. 5(c)), corresponding to the experimental
results in Fig. 3(a) and (c).
To understand the influence from the coupling and damp-
ing of graphene with metamaterials, we further modulate the
parameters Kc and Cadd as shown in Fig. 5(d) and (e), while
keeping other parameters constant. It is evident that Kc
determines both frequency shift and the intensity of the res-
onance, that is, the stronger coupling leads to the larger red-
shift and lower peak intensity. Cadd mainly determines the
shape of the resonance as well as the bandwidth of the reso-
nance with the higher damping for broader spectral response.
Further calculations suggest that the THz peak intensity is
exponential decay with the Kc (black dots and curve in
Fig. 5 – (a) Illustrative coupling model of the interaction between graphene and SRRs. This oscillator model is driven by an
external harmonic force F (THz field). The resonance of SRRs is represented by the oscillation with a mass M1, while the
graphene overlayer is represented by a massM2. K1 and K2 are the spring constants of the oscillatorM1 andM2, respectively.
Kc represents the coupling of graphene overlayer with SRRs. The friction C represent the damping of SRRs, while Cadd is an
additional damping introduced by the graphene overlayers. (b) and (c) THz response intensity of the uncoupled SRRs and the
graphene–SRRs coupled system. (d) THz spectra of graphene–SRRs coupled system under the different coupling strength Kc
while keeping the damping constant Cadd = 0.15 and other parameters constant. (e) THz spectra of graphene–SRRs coupled
system under different damping constant Cadd, while keeping the coupling strength Kc = 0.7 and other parameters constant.
(A color version of this figure can be viewed online.)
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Figure 1.14: Illustration of the coupling model of the interaction between graphene
and the metasurface of optical resonators. This is depicted by a system
of two bodies with three springs; M1 (K1) and M2 (K2) represent the
”masses” (spring constant) of the resonance of the metamaterial and of
the overlayer graphene respectively, while Kc, the spring constant that
couples the two masses, stands for the coupling between them. Γadd
and Γ are the friction coefficients for the mass M1 and M2 respectively.
Figure adapted from [12].
can be described by the following two coupled equations:
M1
d2x1
dt2
= F −K1x1 −Kc(x1 − x2)− Γdx1
dt
(1.87a)
M2
d2x2
dt2
= F −K2x2 +Kc(x1 − x2)− Γadddx2
dt
(1.87b)
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where, F is the external harmonic driving force given by the THz field,
M1 and K1 stand for the effective mass and spring constant of the reso-
nance of the SRRs, respectively. M2 and K2 indicate the effective mass
and spring constant for the optical coupling of graphene with THz radi-
ation, respectively. The coupling of graphene with SRRs is represented
by the spring constant Kc. The two damping parameters Γ and Γadd
are introduced in order to take into account the losses in SRRs and in
graphene, respectively. Particularly, the coupling strength Kc and the
damping Γadd describe the change occurring in the coupling.
Although the applications of hybrid graphene-metasurfaces are consid-
ered to have a crucial utility for highly efficient THz devices, these com-
posed structures have not yet been studied in great detail for what con-
cerns the magneto-optic response. In the literature, only recently by Zan-
otto et al. [65], it is proved that the magneto-optical response is strongly
influenced by the presence of a metasurface and that such a hybrid system
is promising for the realization of thin optical modulators, polarization
rotators and non-reciprocal devices for the THz spectral range.
In the following chapter, a hybrid graphene-split ring resonators tera-
hertz metasurface is studied through finite element size simulations with
the aim of approaching an ultra-compact optical isolator.
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The purpose of this chapter is to study the electromagnetic behaviour of a
hybrid graphene-SRRs metasurface in the presence of a perpendicular ex-
ternal magnetic field. The fundamental idea is to use a non-conventional
cavity of subwalength metallic resonators to enhance the Faraday rota-
tion in graphene. A huge non-reciprocal rotation of the polarization is
not the only important requirement for the application of the system
to an optical isolator. Also a good transmittance of the whole sample
is crucial for this aim. A figure of merit, given by the product of the
Faraday angle and the relative transmittance for each frequency, must
be taken into account for the research of the best design. Numerical
simulations are used to first reproduce the magneto-optical properties of
graphene and the electromagnetic behaviour of periodic arrangements of
SRRs. Then, the effect of SRRs on graphene is explored; the attention
is focused on the figure of merit of the system for an incoming linearly
polarized plane wave.
The complexity of such a system does not allow to make predictions on
what to expect from the coupling between graphene and the array of
SRRs. Also the electromagnetic description of the metasurface of SRRs
alone, made of a non-homogeneous material with a dispersive suscep-
tibility, represents a very demanding problem. Due to the lack of a
quantitive model to describe this interaction, the use of numerical sim-
ulations becomes necessary. What we need is a method which allows to
find approximated solutions to the not-analytically solvable Maxwell’s
equations in all the media and at the interfaces between them. In this
manner, the propagation of an electromagnetic plane wave that travels
through the system can be reconstructed. Numerical studies reduce the
number of prototypes and experiments that have to be run when design-
ing, optimizing, or controlling a device. The type of numerical approach
used here is the Finite Element Method (FEM).
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2.1 Brief introduction to the finite size
element method (FEM)
A physical system which can be subdivided indefinitely in smaller and
smaller parts is said to be continuous. It follows that it can only be stud-
ied by using the mathematical concept of the infinitesimal. This leads to
partial differential equations (PDEs) that, apart from ideal and simple
cases, cannot be solved straightforwardly. FEM overcomes the problem
by the discretization of the system in a finite number of elements. In this
way, it is possible to pass from a continuum of degrees of freedom to a
discrete one. The result is that the geometric structure is decomposed
in a mesh of finite elements connected one to each other by nodal points
usually positioned at the corners of the elements, but also in the edges
in the case of non-linear geometries. The discretization of the structure
has a crucial role in any finite element analysis. The manner in which
the domain is discretized will affect the computer storage requirements,
the computation time, and the accuracy of the numerical results.
A typical boundary-valued problem can be defined by a governing differ-
ential equation in the domain Ω of an element:
L φ = f (2.1)
where L is a differential operator, f is the excitation or forcing function,
and φ is the unknown test function which has to be found using boundary
conditions that enclose the domains. In correspondence of the nodes of
each element, this governing PDE can be approximated. The particular
dependent variable under study, φ, is in fact approximately expressed in
each element as linear combination of its nodal values (or test functions),
as follows:
φ ≈ φ˜ =
N∑
i=1
ueiφ
e
i (2.2)
Here, the coefficients uei are the so called shape or interpolation functions
1
of the element e, N is the number of nodes of the element and φei is the
value of the dependent variable at the node i in the element. Obviously,
this approximation introduces a non-zero residual, a discrepancy between
the exact solution and the numerical one. If the problem is well posed,
i.e. the system has a unique solution that continuously depends on the
1They are usually known polynomial functions which are different from zero only
inside the domain.
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problem data, and the numerical method converges, the norm of this
error decreases with the typical element size l according to O(lα), where
α denotes the order of convergence. The residual or truncation error
r = Lφ − f 6= 0 is then minimized by imposing that the integration
of it multiplied by the test functions must be zero. The result is an
algebraic set of equations for each element, which is easily solvable. The
number of equations is given by the number N of nodes. Due to the
connecting nodes between adjacent elements, the algebraic system in
each element becomes interpolated over the entire structure in a piecewise
fashion. Then, a global set of simultaneous algebraic equations at nodes
arises and so an approximated, but physically interesting, solution for
the dependent variables is possible in the whole system.
2.2 Simulation of the Faraday effect in
graphene
In this section, the results obtained in the work of Crassee et al.[10]
for monolayer graphene grown on the Si-terminated face of SiC are re-
produced via numerical simulations using the software COMSOL Multi-
physics. In the mentioned article, a giant Faraday rotation of about 0.1
rad (6 degrees) is observed in a single sheet of graphene in the THz regime
and under the presence of 7T of external magnetic field. As explained in
section 1.3.3, due to the high doping level (EF = −0.34 eV) and the rel-
atively low magnetic fields used in the experiments, the optical response
of graphene falls in the classical regime dominated by the cyclotron res-
onance. The optical behaviour is then described by the Drude-Lorentz
model expressed in Eqs. 1.73 for the conductivity tensor. In Figure 2.1,
the real component of the diagonal (σxx) and of the off-diagonal (σxy) el-
ements of the conductivity tensor is plotted versus frequency in the range
from 0.1 to 20 THz. As shown in section 1.3.3, the real part of σxx(ω)
is strictly connected with the transmittance of graphene. The maximum
of the function is at the cyclotron frequency, νc = ωc/2pi = eBv
2
F/EF .
On the other hand, the real part of σxy(ω) gives information about the
value and the sign of the Faraday angle θF (ω) (see Eq. 1.79). As the
peak in σxx(ω), the frequency of the inflection point of σxy(ω) coincides
with the cyclotron frequency νc. Since Re[σxy(ω)] ∝ θF (ω), the sign of
dσxy(ω)/dω matches the sign of dθF (ω)/dω. This sign is equal to the
product of the signs of B and EF . Assuming for example a positive value
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Figure 2.1: Dependence of the elements σxx(ω) and σxy(ω) of the conductivity ten-
sor on the parameters B and EF in the frequency range from 0 to 20
THz. In graph a, σxy(ω) is plotted for values of the magnetic field from
1T to 7T at a Fermi energy EF=-0.34 eV. In graph b, σxy(ω) is shown
for different values of EF, from -0.1 eV to -0.5 eV with steps of 0.1 eV.
In graph c, the values of B used in graph a are chosen for the plot of
σxx(ω), while in graph d the same sweep of graph b is done for σxx(ω).
In all the plots the Fermi energy, the Fermi velocity (1.05 × 106 m/s)
and the scattering time (τ = 8.05× 10−14 s) are set as in the reference
article [10].
of the external magnetic field B, the sign of the slope of dθF (ω)/dω re-
veals the type of doping of graphene; n-type doping when the slope is
positive (EF > 0), p-type doping if the slope is negative (EF < 0). In
Figure 2.1 the dependence of σxx and σxy on the parameters B and EF
are also shown. The stronger dependence of the two functions on EF
rather than on B is evident. In order to achieve bigger Faraday rotation
by graphene at a given magnetic field, a Fermi energy as high as possible
is required.
On the other hand, the increase of the doping is obviously accompanied
by a decrease in transmission. The comprehension of the relevance of
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the intensity of B is less simpler. Fixing the Fermi energy at -0.34 eV
(like in [10]), when the magnetic field is increased starting from zero,
the maximum of σxy rapidly increases until it reaches the value of about
1.62×106 S/m at ' 4T. At this value of magnetic field, the maximum
starts to decrease and it tends to a finite value ' 0.8 × 106 S/m. The
negative minimum instead increases with the magnetic field and it ac-
quires the opposite value ' −0.8 × 106 S/m. For zero magnetic field or
in the absence of doping, the off-diagonal conductivity is equal to zero
and thus no Faraday rotation occurs.
In the Lorentzian model, the conductivity of graphene depends also on
the Fermi velocity vF and the scattering time τ . The value of vF is
expected to be enhanced with the strength of electron-electron interac-
tions [66, 67]. This can be done by varying the carrier concentration
n (or equivalently the Fermi level) or, as proved more recently, by the
dielectric screening of the substrate [68]. The increase of the carrier
concentration n is used to achieve stronger interactions and then higher
Fermi velocities [69, 70]. However, due to the logarithmic dependence of
vF on n, the carrier concentration has to be changed by some orders of
magnitude in order to have appreciable variations. For this reason, the
Fermi velocity will be considered independent from the Fermi energy in
the simulations. The contribution to the variation of vF by the interac-
tion with the substrate instead is more appreciable. The Fermi velocity
is observed to be inversely dependent on the dielectric constant  of the
substrate in agreement with theoretical predictions. For the simulation
of graphene on SiC, vF is set 1.02×106 m/s, the same as extrapolated
in [10]. On the other hand, the scattering time τ is a crucial parameter.
In Figure 2.2, the real part of σxx(ω) and σxy(ω) is plotted for different
multiple of the reference value (τ=8.05×10−14 s) reported in [10]. The
frequency position for the maximum in σxx(ω) as for the inflection point
in σxy(ω) does not change. The global maximum of σxx(ω) and the maxi-
mum and the minimum of σxy(ω) increase progressively passing to higher
values of the scattering time. Thus, it is clear that a long scattering time
is preferable for a giant Faraday rotation. Neverthelss, τ is imposed by
the quality of graphene that depends strictly on the number of defects
and impurities created during the growth. This means that τ is not a
tunable parameter. In the simulations, where not diversely mentioned,
the value of τ is fixed as in the reference article [10].
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Figure 2.2: Dependence of the elements σxx(ω) (graph a) and σxy(ω) (graph b) of
the conductivity tensor on the scattering time τ in the frequency range
from 0 to 13 THz. The reference value for τ is 8.05×10−14 s and it
corresponds to 1 τ in the key of the graphs.
2.2.1 Structure of the simulation
The aim of the full-wave simulation is to quantify and reproduce the
non-reciprocal rotation of the plane of polarization of a linearly polarized
monochromatic electromagnetic plane wave passing orthogonally through
a graphene sheet, but propagating parallel to the direction of an external
magnetic field. Together with the Faraday angle, also the transmittance
of the system and the final state of polarization of the wave are computed.
This is achieved by reconstructing the propagation of the electromagnetic
wave in the whole space with a full-wave 3D simulation. The simulation
52
2.2 Simulation of the Faraday effect in graphene
Output port
Input port
Scattering boundary 
 condition
Scattering boundary 
 condition
Virtual infinite 
graphene sheet
PML
PML
Unit cell  
with  
periodic conditions
Figure 2.3: Structure of the simulation. The parallelepiped with black lines delimits
the unit-cell. The periodic boundary conditions at the lateral faces
allow to reproduce the ideally infinite extension of the system. The
input port constitutes the source electromagnetic radiation, while the
output port is used to collect the transmitted intensity which crosses
perpendicularly the graphene sheet. Both above and below the cell there
is a perfect matched layer (PML) which absorbs all the transmitted or
back-reflected radiation. PMLs together with the scattering boundary
conditions at the top and bottom faces extend to infinity the dimension
of the structure.
of a system with huge dimensions would require an enormous and some-
times excessive computational labour. This problem is overcome by the
observation that the system is composed by homogeneous media. Thus,
the structure of the model can be simplified by studying the physics of a
single unit cell. A priori, the geometric shape of the unit cell may have a
cylindrical form and the in-plane physical dimensions could be reduced
as small as you want. Nevertheless, for simplicity and in perspective of
further simulation with a discrete translational symmetry (see Section
2.3), the chosen form is a parallelepiped with a square base of 25 µm.
Thanks to the periodicity, the solutions of Maxwell’s equations inside the
cell can then be extended to the whole space.
The structure is reported in Figure 2.3. The linearly polarized electro-
magnetic plane wave enters in the system through an excitation port, the
input port. The radiation coming from this port is sent parallel to the
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z-axis in such a way to impinge perpendicularly on the graphene sheet
positioned in the middle of the unit cell. After the wave has traveled in
air (exemplified by a medium with a real refractive index n=1), it crosses
the 1 nm thick graphene layer2, and then it propagates in the substrate
represented by SiC (with n=2.5). While the lateral dimensions are vir-
tually extended to infinity by the imposition of Floquet-Bloch periodic
conditions [71, 72] at the lateral faces, the vertical dimension is kept infi-
nite by positioning two perfectly matched layers (PMLs), one at the top
and one at the bottom of the cell. PML is an appropriate layer used to
absorb, with an exponential decay, the outgoing electromagnetic waves
in such a way to prevent unwanted back-reflections that may alter the
consistency of the simulation. Thus, the PML positioned above the cell
and the one located below it extend to infinity the layer of air and the
one of the substrate, respectively.
While the input port is fixed in air as the bottom face of the PML above
the structure, an output port is placed inside the substrate as the top
face of the PML at the base of the cell. This port acts as a detector
for radiation. The reason to place a detector inside the substrate stems
from the need to avoid the Fabry-Pe`rot oscillations that would otherwise
naturally occur when a new substrate-air interface is introduced in the
system. Both the input and the output ports are allowed to emit or
detect respectively specific modes of radiation. In other words, the fre-
quency, wavevector and state of polarization of the wave to be emitted
or detected have to be set before running the simulation. In systems
in which the rotation of the polarization is not present, the two above
mentioned ports have the same orientation of the transmission axis. On
the other hand, for systems in which some kind of birefringent phenom-
ena occur, a simulation with this configuration of the two ports is not
correct. The transmittance detected by the output port will be less than
the right value. In order to prevent this error, the output port must have
the transmission axis oriented in the same direction as the polarization
of the wave which experienced the birefringence. This is obtained by per-
forming a simulation composed by two steps. Both steps solve Maxwell’s
equation in the entire system. They differ only in the settings of the
output port. In the first step the output port is allowed to detect exactly
the same mode excited by the input port. Consequently, the detected
2Despite the mono-layer graphene is 0.345 nm, this value is chosen in order to allow
the construction of a not excessively dense mesh for the simulation. The simulated
1 nm thick layer has been observed to still well reproduce the experimental results.
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transmittance is not correct due to the Faraday rotation. However, the
solution obtained from the first step is used to extract the Faraday angle.
This allows to modify the transmission axis of the second step by an an-
gle such to enable the exact detection of the intensity of the transmitted
wave.
An important fact to take into account is the presence of circular dichro-
ism which accompanies the magnetic circular birefringence as described
in the final part of Section 1.3.3. After passing through graphene un-
der the presence of magnetic field, the initially linear polarization of the
plane wave becomes elliptical. Thus, for the correct evaluation of the
Faraday angle Eq. 1.13 must be used. Once the in-plane components
(Ex and Ey) of the electric field, together with their relative phase δ, are
calculated, this formula (mediated over the entire boundary of the output
port) allows to obtain the angle between the major axis of the ellipse of
polarization and the x-axis (which is the initial direction of polarization
of the wave). It is worth noting that the formula can give also the angle
that the minor axis of the ellipse forms with the x-axis. The manner in
which the Faraday angle is defined in the simulation could provide an
error of exactly ±pi/2 rad to the Faraday angle when it exceeds ±pi/4
rad.3 In fact, the simulation gives in output the minimum angle between
the one formed by the major axis and the one formed by the minor axis
of the ellipse with respect to the x-axis. The task of the simulator is to
understand if the calculated value is really the correct one or if it has to
be corrected by adding ±pi/2.
Another case which can lead to a misunderstanding of the ”real” value of
the Faraday angle is when the final state of polarization approaches the
circular polarization. This is evident from Eq. 1.13. When the relative
phase between the in-plane components of the electric field is pi/2, the
tilt angle is equal to zero. In that case, the occurred effect has become
a nearly perfect isolation of one type of circular polarization and it is no
more correct to define it as Faraday rotation. This last problem is solved
by calculating the degree of ellipticity of the transmitted wave via the
formula for the axial ratio (AR) of Eq. 1.14. A value of AR very close
to 1 means that the polarization tends to be circular.
Understanding when the angle of rotation exceeds ±pi/4 is more compli-
cated. A hint of this possibility is when a small change in the frequency
of the radiation implies a jump in the sign of the angle. It could mean
3The signs negative and positive correspond to a clockwise or counter-clockwise
rotation of the polarization, respectively.
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that the angle crosses the absolute value of pi/4. However, this control
is not sufficient to understand if the calculated value of the angle of ro-
tation is correct or not. Only by reconstructing the evolution in space
of the electric field vector of the polarization, we can demonstrate the
consistency of the obtained value.
2.2.2 Results of the simulation
This simulation is performed for frequencies in the THz range at fixed
magnetic field. Starting from 0.1 THz and stopping to 13 THz, a sweep
of 150 equidistant frequencies is set up. In order to verify if the rotation
of the polarization is non-reciprocal or not, a complementary simulation
in which the direction of propagation is reversed has to be done for each
frequency. An angle of rotation of the same value and sign in both
cases will mean that the rotation is effectively non-reciprocal. In the
performed simulation, it is supposed that the same test can be done by
only changing the sign of the magnetic field instead of reversing the sense
of propagation. The Faraday angle θF (i.e. the net angle of rotation of
the plane of polarization) is then defined as:
θF =
θB+ − θB−
2
(2.3)
where θB+ is the angle of rotation obtained with a positive magnetic field
(direction parallel to the wavevector) and θB− is the one obtained with a
negative magnetic field (anti-parallel to the wavevector). Here, we expect
that if the rotation is non-reciprocal, the signs of the angle of rotation for
positive and negative magnetic field must be opposite. This is actually
an approximation; it will coincide exactly with the case of the inversion
of propagation when the system is symmetric along the z-direction.
In graph b of Figure 2.4, the simulated Faraday angle is plotted versus
frequency for both 7T and -7T at a EF= -0.34 eV (as in [10]). It is clear
that the obtained rotation is completely non-reciprocal. Changing the
sign of the external magnetic field, the angle of rotation assumes per-
fectly opposite values. As expected from Eq. 1.73, the transmittance
of the system follows very well the analytical curve of Re(σxx) with the
minimum at the cyclotron frequency (νc = 3.4 THz). The obtained curve
of the Faraday angle agrees with Re(σxy) as expected from Eq. 1.79. The
behaviour of both the Faraday rotation and the transmittance of the sys-
tem with varying Fermi energy is shown in Figure 2.5. As expected, the
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Figure 2.4: Simulation of the Faraday effect in graphene. The parameters of the Drude model
for the magneto-optical behaviour of graphene in the THz range are set as in [10].
The Fermi energy and the scattering time are -0.34 eV and 8.05×10−14 s, respec-
tively. The Fermi velocity is 1.02×106 m/s. The angle of rotation of the plane of
polarization and the transmittance for 7T (green curve) and -7T (red curve) are
shown as function of frequency in the range from 0.1 to 13 THz in graphs a and b,
respectively. The analytical curves for Re(σxx) (red one) and Re(σxy) are plotted
in graph c. The simulated curves are formed by the simple interpolation of the 60
simulated frequencies. The horizontal dashed lines in graphs b and c indicate the
zero Faraday angle and the zero value of Re(σxy). The vertical dashed line at about
3.4 THz and the one at about 4.1 THz indicate the cyclotron frequency and the
frequency of zero Faraday angle.
transmittance minimum is in correspondence of the cyclotron frequency
which scales as E−1F . Its depth agrees with the analytical behaviour
of Re(σxx). Increasing the Fermi energy the minimum becomes deeper.
According to Re(σxy), the opposite behaviour for the Faraday angle is
obtained. In graph c of Figure 2.5 the figure of merit of the system is
shown. This parameter is defined as the product of the absolute value of
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Figure 2.5: Simulation of the Faraday effect in graphene for different values of the
Fermi energy for 60 equidistant frequencies in the frequency range 0.1
- 13 THz. The Fermi level is varied from -0.1 eV to -0.5 eV with steps
of 0.1 eV. The other parameters are set like in [10]; τ = 8.05 × 10−14
s, B=7T and vF = 1.02 × 106 m/s. In graph a the transmittance of
the system detected from an output port placed inside the substrate of
SiC is shown. The Faraday angle (rad) obtained via Eq. 2.3 is plotted
as function of frequency in b. In graph c, the figure of merit of the
system, defined at any frequency as the product of the absolute value of
the Faraday angle and the relative transmittance, is shown for the five
negative values of the Fermi energy.
the Faraday angle and the relative transmittance at a given frequency. It
is evident that graphene presents the best performances at low frequen-
cies and with a relatively big amount of doping. However, a high doping
level, besides allowing a big Faraday rotation, implies a huge decrease of
the transmission. This is reflected on the figure of merit which increases
more slowly at higher charge densities.
In Figure 2.6, the same properties are investigated varying the intensity
of the external magnetic field with the Fermi energy fixed at -0.34 eV.
Also in this case, the features in the transmittance and Faraday angle
are the same as those of the real part of σxx and σxy, respectively. It
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Figure 2.6: Simulation of the Faraday effect in graphene for different values of the
external magnetic field B, from 1T to 7T with steps of 1T. The Fermi
energy is fixed at -0.34 eV, the scattering time τ is set as 8.05× 10−14 s
and the Fermi velocity is 1.02×106 m/s. The transmittance of the air-
graphene-substrate system is shown in graph a. In graph b, the value
of the Faraday angle (rad) is plotted versus frequency, while in graph c
the figure of merit for each different investigated absolute value of the
magnetic field is shown.
is important to note that the maximum positive value of the Faraday
angle does not increase indefinitely with the amplitude of the magnetic
field. It decreases from about 0.15 rad at 5T to 0.14 rad at 7T, while the
maximum negative value continues to increase with the magnetic field
until it reaches an asymptotic value. As revealed by Figure 2.2, the scat-
tering time τ is the fundamental Drude parameter in order to achieve
big Faraday rotations. The simulated dependence on τ of the Faraday
angle and of the transmittance is shown in Figure 2.7. A long scattering
time allows to greatly improve the Faraday rotation. However, due to the
impossibility to have a direct control on this parameter, it will be fixed
at 8.05×10−14s (azure curves in Figure 2.7) as in the reference article [10]
for all the following simulations.
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Figure 2.7: Simulation of the Faraday effect in graphene for different values of the
scattering time at an external magnetic field of 7T. The Fermi energy
is fixed at -0.34 eV and the Fermi velocity is 1.02×106 m/s. The trans-
mittance of the system is shown in graph (a). The value of the Faraday
angle (rad) is plotted versus frequency in graph (b), while the figure
of merit for each different investigated values of the scattering time is
shown in graph (c).
Finally, it is interesting to see the values of the axial ratio assumed
by the polarization of the plane wave after crossing the graphene layer.
In Figure 2.8 the simulated AR is plotted for five different Fermi ener-
gies. The connection of this quantity with the [Im(σxy)]
−1 plotted in b
is evident as confirmed by Eq. 1.81. Thus, the initial linear polarization
with an infinite axial ratio becomes elliptical after the graphene layer
due to magnetic dichroism (see Section 2.2.1). In correspondence of the
cyclotron frequency the polarization assumes the maximum degree of el-
lipticity, while for low frequencies and for frequencies ω  ωc it continues
to be approximately linear with a divergent axial ratio.
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Figure 2.8: Comparison between the simulated axial ratio (AR) of the polarization
of the outgoing wave and the [Im(σxy)]
−1 of graphene for five different
values of the Fermi energy.
2.3 Simulation of the electromagnetic
response of arrays of SRRs in the
literature
In this section, the electromagnetic response of some metasurfaces of
SRRs is investigated. In order to prove the validity of the simulations,
the results of two works on periodical arrays of SRRs are reproduced.
In the first work [73], the response of a macroscopic planar structure of
electric-SRRs to an electromagnetic wave polarized perpendicularly to
the gap is studied. Changing the dimension of the geometric parameters
of a specific electric-SRR, the LC resonance frequency can be tuned. The
second work [74] instead focuses the attention on the electromagnetic
response of a metasurface composed by the periodical repetition of a
SRR with an open geometry. In this work the little-investigated response
to an electromagnetic wave polarized parallel to the gap-bearing side is
also studied. As it will be shown in the next sections, the properties of
the metasurface in response to electromagnetic waves polarized parallel
or perpendicular to the gap can be very different in the case of a SRR
shape not symmetric for rotation of pi/2.
2.3.1 Structure of the simulation
For the simulations of the first work [73], the structure in Section 2.2.1
is modified introducing a 200 nm thick SRR of gold and removing the
graphene layer. The refractive index of gold in the frequency range from
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0.1 THz o 3 THz is not specified in the article, and was then taken from
[75]. The substrate used in the article [73] is semi-insulating gallium ar-
senide (GaAs) of 625 µm thickness. In order to simplify the calculation,
the substrate is virtually extended to infinity by fixing the lower PML as
substrate. The mentioned refractive index of GaAs is 3.66. The investi-
gated geometries and the values of the relative parameters are shown in
Figure 2.9. The width of the wire and the length of the gap are both set
to 2 µm. In the second considered work [74], the planar array of open
2 Active and Passive Electronic Components
Table 1: Unit cell dimensions.
Sample
All dimensions in µm
AX AY LX LY w
MF1 48 14 60 21 6
MF2 14 48 21 60 6
MF3 26 26 36 36 6
MF4 26 26 36 36 8
MF5 26 26 36 36 8
MF6 26 26 36 36 8
MF7 26 26 36 36 8
Most of the results shown are based on the simulated behav-
ior of metafilms in THz transmission and reflection. How-
ever, we also show experimental transmission results to sup-
port the validity of the simulations.
2. EXPERIMENT AND SIMULATION
All of the metafilms studied in this work are based on the
electric-resonator design [19–22] in which the symmetry of
the split-ring resonator is used to eliminate or minimize the
magnetic response. While the tuning of both the magnetic
and electric metamaterial responses is sometimes desirable,
certain applications, such as filtering, can also benefit from
these new metamaterials that exhibit a purely electrical re-
sponse. Our samples were comprised of planar, periodic ar-
rays of electrical split-ring resonators (eSRRs) fabricated on
semi-insulating gallium arsenide (SI-GaAs). The sample unit
cells are illustrated in Figure 1 and detailed structural dimen-
sions are given in Table 1. We add that the sample linewidths,
d = 2 µm, and gap spacing, g = 2 µm, are equivalent for
all samples. Sample fabrication utilized conventional pho-
tolithographic techniques in which the metal eSRRs, consist-
ing of 200 nm of gold following 10 nm of titanium, were de-
posited on the SI-GaAs substrate of 625 µm thickness. In to-
tal there were seven diﬀerent metafilm designs, designated by
the “MF” numbers shown in the figure.
Experimental characterization was performed with tera-
hertz time-domain spectroscopy [23] (THz-TDS) operating
in a confocal transmission geometry. A detailed description
of this system can be found in [20, 24]. The linearly polar-
ized THz beam was focused to a spot approximately 3mm
(1/e) in diameter and propagated normally through the sam-
ples. The total sample area of the metafilm was (1 × 1) cm2
to prevent beam clipping. Measurements were conducted in
a dry-air environment to mitigate the eﬀects of water vapor
absorption. Transmission measurements were performed on
the metafilm samples and, for reference, a bare SI-GaAs sub-
strate of the same thickness. Since the THz measurement is
coherent, we directly record the time-varying electric field of
the transmitted THz radiation following passage through the
sample. Numerical Fourier transformation of the measured
time-domain data then permits the extraction of the fre-
quency dependent complex transmission coeﬃcient, t˜(ω) =
t(ω)e− jφ(ω).
Figures 2 and 3 show the normalized frequency-depen-
dent transmission coeﬃcients, tMeas(ω), obtained from our
MF1
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MF3, MF4
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MF7
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g
w
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w
Figure 1: Metafilm unit cells. The dimensions LX and LY specify the
X and Y lattice parameters of the rectangular array on which the
unit cells are distributed. Gold color indicates metallized regions
whereas gray color indicates bare SI-GaAs regions. The THz field
polarization is specified by the arrows to the right of MF5. All draw-
ings are shown to scale except for the unit cell representingMF3 and
MF4. To clarify dimensioning, this cell was magnified by 15%.
measurements. This data is normalized by dividing the mea-
sured transmission spectra of the metafilms, EMF(ω), by
the measured transmission spectrum of the reference sub-
strate, ER(ω), such that tMeas(ω) = |t˜Meas(ω)| = |EMF(ω)/
ER(ω)|. All of the samples clearly exhibit a strongly resonant
behavior between 0.5 and 1.1 THz in response to the electro-
magnetic field.
To further our understanding of the data, we performed
simulations of the electromagnetic response of the metama-
terials using commercially available finite-element software
[25]; the results are shown in Figures 2 and 3. While sim-
ulations were set up to mimic the experimental conditions,
some adjustments are necessary to properly compare the two.
These adjustments begin by recognizing that, in simu-
lation, the substrate has an eﬀectively infinite thickness to
avoid Fabry-Perot (multiple reflection) eﬀects in the fre-
quency domain analysis. Therefore, simulated transmission
coeﬃcients are obtained by measuring the transmitted elec-
tric fields directly inside the GaAs, an obvious impossibil-
ity in our measurements. Instead our measured data must
be divided by (or normalized to) a reference spectrum. This
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behavior between 0.5 and 1.1 THz in response to the electro-
agnetic fiel .
To further our understanding of the data, we performed
simulations of the electromagnetic response of the metama-
terials using commercially available finite-element software
[25]; the results are shown in Figures 2 and 3. While sim-
ulations were set up to mimic the experimental conditions,
some adjustm nts are necessary to properly compare the two.
These adjust nts begin by recognizing that, in simu-
lation, the substrate has an eﬀectively infinite thickness to
avoid Fabry-Perot (multiple reflection) eﬀects in the fre-
quency domain analysis. Therefore, simulated transmission
coeﬃcients are obtained by measuring the transmitted elec-
tric fields directly inside the GaAs, an obvious impossibil-
ity in our measurements. Instead our measured data must
be divided by (or normalized to) a reference spectrum. This
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Table 1: Unit cell dimensions.
Sample
All dimensions in µm
AX AY LX LY w
MF1 48 14 60 21 6
MF2 14 48 21 60 6
MF3 26 26 36 36 6
MF4 26 26 36 36 8
MF5 26 26 36 36 8
MF6 26 26 36 36 8
MF7 26 26 36 36 8
Most of the results shown are based on the simulated behav-
ior of metafilms in THz transmission and reflection. How-
ever, we also show experimental transmission results to sup-
port the validity of the simulations.
2. EXPERIMENT AND SIMULATION
All of the metafilms studied in this work are based on the
electric-resonator design [19–22] in which the symmetry of
the split-ring resonator is used to eliminate or minimize the
magnetic response. While the tuning of both the magnetic
and electric metamaterial responses is sometimes desirable,
certain applications, such as filtering, can also benefit from
these new metamaterials that exhibit a purely electrical re-
sponse. Our samples were comprised of planar, periodic ar-
rays of electrical split-ring resonators (eSRRs) fabricated on
semi-insulating gallium arsenide (SI-GaAs). The sample unit
cells are illustrated in Figure 1 and detailed structural dimen-
sions are given in Table 1. We add that the sample linewidths,
d = 2 µm, and gap spacing, g = 2 µm, are equivalent for
all samples. Sample fabrication utilized conventional pho-
tolithographic techniques in which the metal eSRRs, consist-
ing of 200 nm of gold following 10 nm of titanium, were de-
posited on the SI-GaAs substrate of 625 µm thickness. In to-
tal there were seven diﬀerent metafilm designs, designated by
the “MF” numbers shown in the figure.
Exp rimental characterization was performed with tera-
hertz ti e-domain spectroscopy [23] (THz-TDS) operating
in a confocal transmission geometry. A detailed description
of this system can be found in [20, 24]. The linearly polar-
ized THz beam was focused to a spot approximately 3mm
(1/e) in diameter and propagated normally through the sam-
ples. The total sample area of the metafilm was (1 × 1) cm2
to prevent beam clipping. Measur ments were conducted in
a dry-air environment to mitigate the eﬀects of water vapor
absorption. Transmission measurements were performed on
the metafilm samples and, for reference, a bare SI-GaAs sub-
strate of the same thickness. Since the THz measurement is
coherent, we directly record the time-varying electric field of
the transmitted THz radiati following passag through the
sample. Numerical Fourie tran formation of the measured
time-domain data then permits the extraction of the fre-
quency dependent complex transmission coeﬃcient, t˜(ω) =
t(ω)e− jφ(ω).
Figures 2 and 3 show the normalized frequency-depen-
dent transmission coeﬃcients, tMeas(ω), obtained from our
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Figure 1: Metafilm unit cells. The dimensions LX and LY specify the
X and Y lattice parameters of the rectangular array on which the
unit cells are distributed. Gold color indicates metallized regions
whereas gray color indicates bare SI-GaAs regions. The THz field
polarization is specified by the arrows to the right of MF5. All draw-
ings are shown to scale except for the unit cell representingMF3 and
MF4. To clarify dimensioning, this cell was magnified by 15%.
measurements. This data is normalized by dividing the mea-
sured transmission spectra of the metafilms, EMF(ω), by
t e measured transmission spectrum of the reference sub-
strate, ER(ω), such that tMeas(ω) = |t˜Meas(ω)| = |EMF(ω)/
ER(ω)|. A l of the samples clearly exhibit a strongly resonant
behavior between 0.5 and 1.1 THz in response to the electro-
magnetic field.
To further our understanding of the data, we performed
simulations of the electromagnetic response of the metama-
terials using commercially available finite-element software
[25]; the results are shown in Figures 2 and 3. While sim-
ulations were set up to mimic the experimental conditions,
some adjustments are necessary to properly compare the two.
These adjustments begin by recognizing that, in simu-
lation, the substrate has an eﬀectively infinite thickness to
avoid Fabry-Perot (multiple reflection) eﬀects in the fre-
quency domain analysis. Therefore, simulated transmission
coeﬃcients are obtained by measuring the transmitted elec-
tric fields directly inside the GaAs, an obvious impossibil-
ity in our measurements. Instead our measured data must
be divided by (or normalized to) a reference spectrum. This
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ior of metafilms in THz transmission and reflection. How-
ever, we also show experimental transmission results to sup-
port th validity of the simulations.
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these new metamaterials that exhibit a purely electrical re-
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semi-insulating gallium arsenide (SI-GaAs). The sample unit
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the “MF” numbers shown in the figure.
Experimental characterization was performed with tera-
hertz time-domain spectroscopy [23] (THz-TDS) operating
in a confocal transmission geometry. A detailed description
of this system can be found in [20, 24]. The linearly polar-
ized THz beam was focused to a spot approximately 3mm
(1/e) in diameter and propagated normally through the sam-
ples. The total sample area of the metafilm was (1 × 1) cm2
to prevent beam clipping. Measurements were conducted in
a dry-air environment to mitigate the eﬀects of water vapor
absorption. Transmission measurements were performed on
the metafilm samples and, for reference, a bare SI-GaAs sub-
strate of the same thickness. Since the THz measurement is
coherent, we directly record the time-varying electric field of
the transmitted THz radiation following passage through the
sample. Numerical Fourier transformation of the measured
time-domain data then permits the extraction of the fre-
quency dependent complex transmission coeﬃcient, t˜(ω) =
t(ω)e− jφ(ω).
Figures 2 and 3 show the normalized frequency-depen-
dent transmission coeﬃcients, tMeas(ω), obtained from our
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Figure 1: Metafilm unit cells. The dimensions LX and LY specify the
X and Y lattice parameters of the rectangular array on which the
unit cells are distributed. Gold color indicates metallized regions
whereas gray color indicates bare SI-GaAs regions. The THz field
polarization is specified by the arrows to the right of MF5. All draw-
ings are shown to scale except for the unit cell representingMF3 and
MF4. To clarify dimensioning, this cell was magnified by 15%.
measurements. This data is normalized by dividing the mea-
sured transmission spectra of the metafilms, EMF(ω), by
the measured transmission spectrum of the reference sub-
strate, ER(ω), such that tMeas(ω) = |t˜Meas(ω)| = |EMF(ω)/
ER(ω)|. All of the samples clearly exhibit a strongly resonant
behavior between 0.5 and 1.1 THz in response to the electro-
magnetic field.
To further our understanding of the data, we performed
simulations of the electromagnetic response of the metama-
terials using commercially available finite-element software
[25]; the results are shown in Figures 2 and 3. While sim-
ulations were set up to mimic the experimental conditions,
some adjustments are necessary to properly compare the two.
These adjustments begin by recognizing that, in simu-
lation, the substrate has an eﬀectively infinite thickness to
avoid Fabry-Perot (multiple reflection) eﬀects in the fre-
quency domain analysis. Therefore, simulated transmission
coeﬃcients are obtained by measuring the transmitted elec-
tric fields directly inside the GaAs, an obvious impossibil-
ity in our measurements. Instead our measured data must
be divided by (or normalized to) a reference spectrum. This
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ever, we also show experimental transmission results to sup
port th validity of the simulations.
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ing of 200 nm of gold following 10 nm of titanium, were de-
posited on the SI-G As substrate of 625 µm thickness. In to-
tal there were seven diﬀerent metafilm designs, designated by
the “MF” numbers shown in the figure.
Experimental characterization was performed with tera-
hertz time-domain spectroscopy [23] (THz-TDS) operating
in a confocal transmission geometry. A detailed description
of this system can be found in [20, 24]. The linearly polar-
ized THz beam was focused to a spot approximately 3mm
(1/e) in diameter and propagated normally through the sam-
ples. The total sample area of the metafilm was (1 × 1) cm2
to prevent beam clipping. Measurements were conducted in
a dry-air environment to mitigate the eﬀects of water vapor
absorption. Transmission measurements were performed on
the metafilm samples and, for reference, a bare SI-GaAs sub-
strate of the same thickness. Since the THz measurement is
coherent, we directly record the time-varying electric field of
the transmitted THz radiation following passage through the
sample. Numerical Fourier transformation of the measured
time-domain data then permits the extraction of the fre-
quency dependent complex transmission coeﬃcient, t˜(ω) =
t(ω)e− jφ(ω).
Figures 2 and 3 show the normalized frequency-depen-
dent transmission coeﬃcients, tMeas(ω), obtained from our
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Figure 1: Metafilm unit cells. The dimensions LX and LY specify the
X and Y lattice parameters of the rectangular array on which the
unit c lls ar distributed. Gold color i dicates metallized regions
whereas gray olor indicates bare SI-G As regions. The THz field
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measurements. This data is normalized by dividing the mea-
sured transmission spectra of the metafilms, EMF(ω), by
the measured transmission spectrum of the reference sub-
strate, ER(ω), such that tMeas(ω) = |t˜Meas(ω)| = |EMF(ω)/
ER(ω)|. All of the samples clearly exhibit a strongly resonant
behavior between 0.5 and 1.1 THz in response to the electro-
magnetic field.
To further our understanding of the data, we performed
simulations of the electromagnetic response of the metama-
terials using commercially available finite-element software
[25]; the results are shown in Figures 2 and 3. While sim-
ulations were set up to mimic the experimental conditions,
some adjustments are necessary to properly compare the two.
These adjustments begin by recognizing that, in simu-
lation, the substrate has an eﬀectively infinite thickness to
avoid Fabry-Perot (multiple reflection) eﬀects in the fre-
quency domain analysis. Therefore, simulated transmission
coeﬃcients are obtained by measuring the transmitted elec-
tric fields directly inside the GaAs, an obvious impossibil-
ity in our measurements. Instead our measured data must
be divided by (or normalized to) a reference spectrum. This
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Most of the results shown are based on the simulated behav-
ior of metafilms in THz transmission and reflection. How-
ever, we also show experimental transmission results to sup-
port the validity of the simulations.
2. EXPERIMENT AND SIMULATION
All of the metafilms studied in this work are based on the
electric-resonator design [19–22] in which the symmetry of
the split-ring resonator is used to eliminate or minimize the
magnetic response. While the tuning of both the magnetic
and electric metamaterial responses is sometimes desirable,
certain applications, such as filtering, can also benefit from
these new metamaterials that exhibit a purely electrical re-
sponse. Our samples were comprised of planar, periodic ar-
rays of electrical split-ring resonators (eSRRs) fabric ted on
semi-insulating gallium arsenide (SI-GaAs). The sample uni
cells are illustrated in Figure 1 and detailed structural dimen-
sions are given in Table 1. We add that the sample linewidths,
d = 2 µm, and gap spacing, g = 2 µm, are equivalent for
all samples. Sample fabrication utilized conventional pho-
tolithographic techniques in which the metal eSRRs, consist-
ing of 200 nm of gold following 10 nm of titanium, were de-
posited on the SI-GaAs substrate of 625 µm th ckness. I to-
tal there were seven diﬀerent metafilm designs, designated by
the “MF” numbers shown in the figure.
Experimental characterization was performed with tera-
hertz time-domain spectroscopy [23] (THz-TDS) operating
in a confocal transmission geometry. A detailed description
of this system can be found in [20, 24]. The linearly polar-
ized THz beam was focused to a spot approximately 3mm
(1/e) in diameter and propagated normally thr ugh the sam-
ples. The total sample area of the metafilm was (1 × 1) cm2
to prevent beam clipping. Measurements were conducted in
a dry-air environment to mitigate the eﬀects of water vapor
absorption. Transmission measurements were performed n
the metafilm samples and, for reference, a bare SI-GaAs sub-
strate of the same thickness. Since the THz measurement is
coherent, we directly record the time-varying electric field of
the transmitted THz radiation following passage through the
sample. Numerical Fourier transformation of the measured
time-domain data then permits the extraction of the fre-
quency dependent complex transmission coeﬃcient, t˜(ω) =
t(ω)e− jφ(ω).
Figures 2 and 3 show the normalized frequency-depen-
dent transmission coeﬃcients, tMeas(ω), obtained from our
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Figure 1: Metafilm unit cells. The dimensions LX and LY specify the
X and Y lattice parameters of the rectangular array on which the
unit cells are distributed. Gold color indicates metallized regions
whereas gray color indicates bare SI-GaAs regions. The THz field
polarization is specified by the arrows to the right of MF5. All draw-
ings are sho n to scale except for the unit cell representingMF3 and
MF4. To clarify dimensioning, this cell was magnified by 15%.
measurements. This data is normalized by dividi g the m a-
sured transmission sp ct a of the metafilm , EMF(ω), by
the e sured tran mission spectr of the r ference sub-
strate, ER(ω), such that tMeas(ω) = |t˜Meas(ω)| = |EMF(ω)/
ER(ω)|. All of the samples clearly exhibit a strongly re onant
behavior between 0.5 and 1.1 THz in response to the electro-
magnetic field.
To further our understanding of the data, we erformed
simulations of the electromagnetic response of the metama-
terials using commercially available finite-element software
[25]; the results are shown in Figures 2 and 3. While sim-
ulations were set up to mimic the experimental conditions,
some adjustments are necessary to properly compar the two.
These adjustments begin by recognizing that, in simu-
lation, the substrate has an eﬀectively infinite thickness to
avoid Fabry-Perot (multiple reflection) eﬀects in the fre-
quency domain analysis. Therefore, simulated transmission
coeﬃcients are obtained by measuring the transmitted lec-
tric fields directly inside the GaAs, an obvious impossibil-
ity in our measurements. Instead our measured data must
be divided by (or normalized to) a reference spectrum. This
Figure 2.9: Metasurface unit cells with differen planar geo et ies of the simulat d
SRRs. The dimensi s Lx a d Ly sp cify the X and Y lattice param-
eters of the squ array n which the unit cells are distributed. Gold
color indicates metallized regio whereas gray c lor indicates bare semi-
insulating GaAs. The THz field polariz t n is sp cified by the arrows
to the left of the table which contains the d mensions in µm of the geo-
metric parameters. The width of the wire d an the length of he gap g
are s t to 2 µm in ach geometry.
SRRs is made of 3 µm thi k copper and is fabricated upon a 670 µm
thick high-resistivity GaAs substrate. The real and imaginary part of
the refractive index f pper u ed in the simulation re the same of [75].
The properties of the GaAs substrate are not described in the article,
thus the refractive index s set t 2.9 in order o bette reproduce the
experimental results. The outer dimension of an ndividual SRR is 36
µm and the unit cell is 50 µ . The w dth of th wire is 6 µm, while the
length of the gap is 2 µm.
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2.3 Simulation of the electromagnetic response of arrays of SRRs in the literature
2.3.2 Agreement with experimental data
Considering the first work [73], the electromagnetic response of the array
of SRRs is simulated sending an electromagnetic wave linearly polarized
in the direction orthogonal to the gap-bearing side. In Figure 2.10, the
simulated electromagnetic spectra of the four geometries illustrated in
Figure 2.9 are compared to the measured ones of [73]. In each spectrum
two resonances appear. The resonance at lower frequencies can be rec-
ognized to be the LC resonance, while the one at upper frequencies is
usually associated to the dipole-dipole interactions between the conduc-
tors of the SRR parallel to the electric field. As shown in the reference
article, the frequency of the higher resonance can be tuned by modifying
the length of the two vertical sides. Increasing their length while main-
taining the same SRR area, the frequency distance between the peaks of
the two resonance is reduced, while decreasing their length the two peaks
become more displaced. The frequency and the shape of the two reso-
nances of the simulations are in good agreement with the experimental
results. In all the four simulated geometries, the area and outer shape
of the rings are fixed in order not to alter the effective inductance of
the SRR which primarily depends on the area of the loops (see Section
1.4.3). The effective capacitance is instead changed. Passing from geom-
etry MF3 to MF4 the width of the plates of the capacitor is decreased
of 2 µm resulting in a lower capacitance. According to Eq. 1.85, MF4
should have a slightly lower resonance frequency than MF3. Although
not quantitatively precise, this shift is observed both in experimental
data and simulations (graphs a, b, c and d in Figure 2.10). Considering
MF5, the extra metallic pad within the gap splits the capacitor. The
overall capacitance thus should be half the capacitance of MF4 and its
LC resonance frequency should be increased by a factor
√
2 with respect
to the one of MF4. Geometry MF6 instead can be seen to have the same
capacitors in parallel resulting in a double value of the capacitance with
respect to MF4. Thus, a factor 1/
√
2 of the resonance frequency of MF4
is expected. Although not in quantitative agreement with Eq. 1.85, the
correct direction of the shifts in frequency is observed in the experimen-
tal and simulation works. Looking at Figure 2.11 and Figure 2.12, it
is possible to see the spatial distribution of the LC and dipole-dipole
modes. The red and blue zones indicate positive and negative ampli-
tudes of the electric field with respect to the green (or sometimes light
blue) background, respectively. In the LC mode, the quasi-totality of
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2 Simulations of the system
the y component of the electric field (Ey) is concentrated in the place
between the plates of the capacitor, while the x component of it (Ex) is
localized as a dipole field at the edges of them. On the other hand, the
dipole-dipole mode has the electric field still concentrated between the
plates, but it has a more evident localization at the ring sides. Ex has
a dipolar distribution in correspondence of the vertical sides confirming
the dipole-dipole nature of the mode. These observation are valid for
both the illustrated geometries, MF4 and MF6. The only difference is
that the dipole mode of MF6 presents an evident dipolar distribution of
the field also in the center wire. Another evidence of the type of the two
modes comes from the surface current densities of the SRRs shown in
Figure 2.13. In both the investigated geometries, due to the their invari-
ance for rotation of pi around the transversal axis, the currents in the LC
mode are circulating in such a way to eliminate the magnetic response of
the structure. The geometries are in fact formed of two adjacent loops
in which two counter-rotating currents circulate. The result is a zero
magnetic flux through the area of the SRRs and a gradient of electric
potential between the plates of the capacitor of each SRR. For the case
of the dipole mode, currents are circulating in a more complicated way,
but still with the result of no net magnetic flux through the SRR area
and an accumulation of charges at one plate of the capacitor.
For the second work [74], the response of the metasurface is obtained
for two orthogonal directions of polarization, one with the electric field ~E
parallel and one with ~E perpendicular to the gap bearing side of the SRR.
Simulations and experimental results are shown in Figure 2.14. Despite
the exact material properties not being reported in the article, the two
simulated spectra are in good agreement with the experimental ones, es-
pecially for what concerns the frequency position of the resonances. The
spectrum obtained with ~E perpendicular to the gap (red curve) presents
two peaks as in the previous article. The peak at lower frequencies is the
LC resonance while the one at higher frequencies is recognized to be the
dipole-dipole resonance.
As for the previously investigated SRRs, this statement is confirmed by
the spatial distribution of the electric field (see Figure 2.15) and from the
circulating currents (Figure 2.16). Nevertheless, now there is only one
loop which implies the origin of a finite magnetic flux through the SRR
area. When the polarization of the wave is parallel to the gap bearing
side, a different optical mode is excited. The resulting spectrum is shown
by the blue curve in Figure 2.14 and it presents a very broad resonance
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Figure 3: Normalized transmission through metafilm samples MF4, MF5, MF6, and MF7. Black curves indicate measured data while red
curves show simulation results.
the metafilm’s properties are heavily influenced by the sub-
strate. And finally, it foreshadows that the metafilm can be
well described as a two-dimensional composite. In this sense,
the metafilm can be thought of as a boundary-confined, or
extremely thin, phase shifter, instead of a three-dimensional
eﬀective medium.
It is important to point out that the metafilm impedance
Z(ω) used in (1)–(4) incorporates the eﬀect of the backing
substrate, which in this case is GaAs. Therefore, Z(ω) has
some functional dependence on ZG. However, if a wave was
incident upon the GaAs side of the boundary, then Z(ω)
would become dependent on Z0 instead of ZG; in this case,
free space is the backing substrate. The functional depen-
dence on the backing material will be made clearer in a fol-
lowing section.
One particularly useful feature of the simulations is that
they easily provide extra information, such as the reflection
coeﬃcient, r˜(ω) = s11 = r(ω)e− jφ(ω). The simulated reflec-
tion and transmission coeﬃcients are shown by the black
curves in Figures 4 and 5. We add that these plots are not
normalized to a substrate spectrum, as was the case in Fig-
ures 2 and 3. By studying the simulations we can begin to
understand the behavior of the metafilms. For example, in
every sample t tends to the value 0.57 and r tends to 0.43 as
the frequency approaches zero. Similar behavior can be seen
between the high and low frequency resonances of each sam-
ple, and even out to high frequencies in some samples. We
also observe that some samples have two very distinct and
clean resonances, while others have highly asymmetric and
overlapping resonances.
3. METAFILM BEHAVIOR ANDMODELING
Using the simulations we can now discuss the relationships
between the macroscale properties of our samples and their
microscale diﬀerences. This begins by first addressing the
variability in the rings themselves. As can be seen in Figure 1,
all of the rings are modifications of the original two struc-
tures MF4 and MF6. All of the rings were further designed
to have the same ring area of 672 µm2. Samples MF3, MF4,
and MF5 diﬀer only in modifications to the eSRR gaps. It is
typically assumed that these gaps define the “capacitive” part
of the eSRR response while the loops define the “inductive”
part. This concept is illustrated in Figure 6(a) where the sam-
ple unit cells are modeled as lumped-element RLC circuits.
This model is useful mainly in that it describes the Lorentzian
nature of the resonance. One can use this model to roughly
predict how our microstructural eSRR changes will aﬀect the
macroscale responses of our samples.
The resonant frequency of an RLC circuit is inversely re-
lated to the square root of both the inductance and capaci-
tance.With this inmind, one can intuitively predict metafilm
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Figure 3: Normalized transmission through metafilm samples MF4, MF5, MF6, and MF7. Black curves i dicate measured data whil red
curves show simulation results.
the metafilm’s properties are heavily influenced by the sub-
strate. And finally, it foreshadows that the metafilm can be
well described as a two-dimensional composite. In this sense,
the metafilm can be thought of as a boundary-confined, or
extremely thin, phase shifter, instead of a three-dimensional
eﬀective medium.
It is important to point out that the metafilm impedance
Z(ω) used in (1)–(4) incorporates the eﬀect of the backing
substrate, which in this case is GaAs. Therefore, Z(ω) has
some functional dependence on ZG. However, if a wave was
incident upon the GaAs side of the boundary, then Z(ω)
would become dependent on Z0 instead of ZG; in this case,
free space is the backing substrate. The functional depen-
dence on the backing material will be made clearer in a fol-
lowing section.
One particularly useful feature of the simulations is that
they easily provide extra information, such as the reflection
coeﬃcient, r˜(ω) = s11 = r(ω)e− jφ(ω). The simulated reflec-
tion and transmission coeﬃcients are shown by the black
curves in Figures 4 and 5. We add that these plots are not
normalized to a substrate spectrum, as was the case in Fig-
ures 2 and 3. By studying the simulations we can begin to
understand the behavior of the metafilms. For example, in
every sample t tends to the value 0.57 and r tends to 0.43 as
the frequency approaches zero. Similar behavior can be seen
between the high and low frequency resonances of each sam-
ple, and even out to high frequencies in some samples. We
also obse ve that some samples have two very distinct and
clean resonances, while oth rs have ighly asymmetric and
overlappi g re onan es.
3. METAFILM BEHAVIOR ANDMODELING
Using the simulations we can now discuss th relationships
between the macroscal properties of our samples and their
microscale diﬀerenc . This begins by first addressing the
variability in the rings th ms lves. As can b seen in Figure 1,
all of the rings are modifications of the original two struc-
tures MF4 and MF6. All of the rings were further designed
to have the same ring area of 672 µm2. Samples MF3, MF4,
and MF5 diﬀer only in modifications to the eSRR gaps. It is
typically assumed that these gaps define the “capacitive” part
of the eSRR response while the loops define the “inductive”
part. This concept is illustrated in Figure 6(a) where the sam-
ple unit cells are modeled as lumped-element RLC circuits.
This model is useful mainly in that it describes the Lorentzian
nature of the resonance. One can use this model to roughly
predict how our microstructural eSRR changes will aﬀect the
macroscale responses of our samples.
The resonant frequency of an RLC circuit is inversely re-
lated to the square root of both the inductance and capaci-
tance.With this inmind, one can intuitively predict metafilm
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Figure 3: Normalized transmission through metafilm samples MF4, MF5, MF6, and MF7. Black curves indicate measured data while red
curves show simulation results.
the metafilm’s properties are heavily influenced by the sub-
strate. And finally, it foreshadows that the metafilm can be
well described as a two-dimensional composite. In this sense,
the metafilm can be thought of as a boundary-confined, or
extremely thin, phase shifter, instead of a three-dimensional
eﬀective medium.
It is important to point out that the metafilm impedance
Z(ω) used in (1)–(4) incorporates the eﬀect of the backing
substrate, which in this case is GaAs. Therefore, Z(ω) has
some functional dependence on ZG. However, if a wave was
incident upon the GaAs side of the boundary, then Z(ω)
would become dependent on Z0 instead of ZG; in this case,
free space is the backing substrate. The functional depen-
dence on the backing material will be made clearer in a fol-
lowing section.
One particularly useful feature of the simulations is that
they easily provide extra information, such as the reflection
coeﬃcient, r˜(ω) = s11 = r(ω)e− jφ(ω). The simulated reflec-
tion and transmission coeﬃcients are shown by the black
curves in Figures 4 and 5. We add that these plots are not
normalized to a substrate spectrum, as was the case in Fig-
ures 2 and 3. By studying the simulations we can begin to
understand the behavior of the metafilms. For example, in
every sample t tends to the value 0.57 and r tends to 0.43 as
the frequency approaches zero. Similar behavior can be seen
between the high and low frequency resonances of each sam-
ple, and even out to high frequencies in some samples. We
also observe that some samples have two very distinct and
clean resonances, while others have highly asymmetric and
overlapping resonances.
3. METAFILM BEHAVI R ANDMODELING
Using the simulations we can now discuss the relationships
between the macroscale properties of our samples and their
microscale diﬀerences. This begins by first addressing the
variability in the rings themselves. As can be seen in Figure 1,
all of the rings are modifications of the original two struc-
tures MF4 and MF6. All of the rings were further designed
to have the same ring area of 672 µm2. Samples MF3, MF4,
and MF5 diﬀer only in modifications to the eSRR gaps. It is
typically assumed that these gaps define the “capacitive” part
of the eSRR response while the loops define the “inductive”
part. This concept is illustrated in Figure 6(a) where the sam-
ple unit cells are modeled as lumped-element RLC circuits.
This model is useful mainly in that it describes the Lorentzian
nature of the resonance. One can use this model to roughly
predict how our microstructural eSRR changes will aﬀect the
macroscale responses of our samples.
The resonant frequency of an RLC circuit is inversely re-
lated to the square root of both the inductance and capaci-
tance.With this inmind, one can intuitively predict metafilm
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Figure 2: Normalized transmission through metafilm samples MF1, MF2, and MF3. Black curves indicate measured data while red curves
show simulation results.
process isolates the response of the etafilm from the sub-
strate by removing their common eﬀects, such as Fresnel re-
flections from the back face. We add that Fabry-Perot eﬀects
can also be ignored in our measured data because our time-
domain system allows us to “gate out” later arriving pulses.
To quantify this data extraction procedure, we write out the
expressions for the transmitted fields as a function of the in-
put field, E0. For the bare reference substrate, the measured
field, ER, is determined by the transmission coeﬃcients at the
front and back faces:
ER(ω) = E0 2ZGZG + Z0
2Z0
ZG + Z0
, (1)
where ZG = 103Ω is the impedance of the GaAs sub-
strate and Z0 = 377Ω is the impedance of free space. We
have omitted the phase term associated with wave propaga-
tion through the substrate as this is common to the sam-
ple and reference measurements. For the metafilm samples,
the transmitted electric field is equivalent, with the exception
that ZG is replaced by the complex metafilm impedance Z(ω)
at the front face of the GaAs:
EMF(ω) = E0 2Z(ω)Z(ω) + Z0
2Z0
ZG + Z0
. (2)
The ratio of these two expressions, t˜Meas, describes what
we actually measure. The magnitude of this quantity, tMeas, is
shown by the black curves in Figures 2 and 3:
tMeas(ω) =
∣∣t˜Meas(ω)∣∣ = ∣∣∣∣ 2Z(ω)Z(ω) + Z0 ZG + Z02ZG
∣∣∣∣. (3)
Unlike our measurements, the simulations require no ac-
counting for Fresnel reflections at the back substrate face and
phase accumulations due to wave propagation in the sub-
strate can be divided out. Therefore, the transmission coeﬃ-
cients are described by a much simpler equation
tSim(ω) =
∣∣t˜Sim(ω)∣∣ = ∣∣∣∣ 2Z(ω)Z(ω) + Z0
∣∣∣∣. (4)
We add that these transmission coeﬃcients are equiva-
lent to the complex S-parameter s21, which is often the out-
put returned by simulation software. From the equations,
we see that to cast our simulations in the same form as the
measured data we need only to multiply the simulations by
(ZG + Z0)/2ZG = 2.33. The results of this operation ap-
plied to our simulated transmission coeﬃcients are shown
as the red curves in Figures 2 and 3. The close agreement
to measured data enables us to confidently use the simu-
lated results in further studies. It also provides support for
the experimental procedure of using a bare reference sub-
strate to isolate the metafilm properties, despite the fact that
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Figure 2.10: Comparison between the simulated spectra (left column) and the mea-
sured ones (right column) of article [73] in the freque cy range from
0.1 THz to 3 THz. The polarization of the exciting wave is perpen-
dicular to the plates of the capacitor. In the raph b, d, f and h the
black curve repr sents the measured transmittance while th red curve
indicates the simulated one of [73].
positioned at frequencies below the dipole resonance with the minimum
at 1.4 THz. The quality factor Q4 is about 1.75 in the simulation and 2.8
4The Q-factor is defined as the ratio between the resonance frequency and the reso-
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MF4 (0.88 THz)
MF6 (0.59 THz)
Ex
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Ey
Ey
Figure 2.11: Spatial distribution of the x and y component of electric field ~E for
the LC mode in MF4 and MF6 geometries in the xy-plane placed in
the middle of the SRR thickness.
MF6 (2.34 THz)
MF4 (2.31 THz)
Ex
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Figure 2.12: Spatial distribution of the x and y component of electric field ~E for
the dipole-dipole mode in MF4 and MF6 geometries in the xy-plane
placed in the middle of the SRR thickness.
nance width or full width at half maximum (FWHM). Another common definition
for Q is the ratio of the energy stored in the oscillating resonator to the energy
dissipated per cycle by damping processes.
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LC resonanceMF4 MF6
dipole-dipole resonance
Figure 2.13: Surface current densities of the LC and dipole-dipole modes in MF4
and MF6 geometries.
in the experimental result, a value even lower that for the other resonance
where it is a little higher than 3.
2.4 Simulations of the entire system: hybrid
graphene-SRRs terahertz metasurface
This section is dedicated to the study of the Faraday effect of the hybrid
graphene SRR metasurface. Here, graphene is put in close proximity to
the array of SRRs. In fact, it is positioned on the top of the structure and
it is separated from the SRRs by a 200 nm thick layer of oxide5 which
is also present in the empty space between the SRRs and in the center
of them. The SRRs are made of a 100 nm thick layer of gold6. Under
the periodic array of SRRs there is a virtually infinite substrate with the
refractive index set to 2.5 as in the simulation of 2.2. As it has been done
in the previous simulations, the linearly polarized electromagnetic wave
5The refractive index of the oxide is set to 2.5 in the simulation. This value is chosen
to approximate the refractive index of SiO2 in the THz regime, which is the most
commonly used oxide in nano-fabrication. The imaginary part of the refractive
index is neglected. The reason of its the presence will be clearer in the following.
6The refractive index of gold as in the previous section is taken from [75].
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A planar array of SRRs are fabricated from 3 !m thick
copper on a 670 !m thick high resistivity gallium arsenide
(GaAs) substrate. The outer dimension of an individual
SRR is 36 !m and the unit cell is 50 !m [15]. We char-
acterized the frequency dependent electric and magnetic
response using terahertz time domain spectroscopy (THz-
TDS) where the transmitted electric field is measured for
the SRR sample and a suitable reference, which in this case
is a bare GaAs substrate. Dividing the Fourier transformed
sample and reference waveforms yields the complex trans-
missivity ~t!!" # !!!!!!!!!!!T!!"p ei"!!" of the sample under inves-
tigation. This phase sensitive characterization further
permits determination of the frequency dependent optical
constants, e.g., ~#!!" # #1!!" $ i#2!!", through inversion
of the Fresnel equations without model assumptions.
Utilization of GaAs as a substrate provides the opportunity
to dope the substrate by optical excitation. This is accom-
plished using optical-pump terahertz probe spectroscopy
[16], whereby a %50 fs, 800 nm pulse excites carriers
across the 1.42 eV band gap in GaAs. The lifetime of the
photodoped carriers is %1 ns, thus allowing for character-
ization of the quasisteady state response of the SRRs as a
function of the carrier density by simply changing the
excitation fluence.
In the following, we first consider the SRR response
without photoexcitation. In Fig. 1(a), we show the trans-
mission spectra and, in Fig. 1(b), the corresponding phase.
Since the measurements are obtained at normal incidence
and the magnetic field lies completely in the SRR plane,
the measurements focus solely on the electric resonant
response. The red (dark) curves are the response with the
electric field (E) polarized perpendicular to the SRR gap
[depicted in Fig. 1(c)], while the blue (light) curves are
with the electric field oriented parallel to the SRR gap. On
the low frequency side, the transmission is high and ap-
proaches 95% for both polarizations. With the electric field
perpendicular to the SRR gap, a pronounced resonance
!0 # 0:5 THz is observed where the transmission de-
creases to %15%. In addition, there is a second absorption
resonance near !1 # 1:6 THz. In order to understand the
origin of the !0 and !1 resonances, we have performed
numerical simulations of the SRR response using commer-
cial code. Figures 1(c) and 1(d) show the results of the
calculated surface currents at !0 and !1, respectively. The
low energy !0 terahertz absorption, due to an electric
response #!!" of the SRRs, occurs at the same frequency
as the magnetic !!!" resonance [11]. This is evidenced by
the observation of the circulating currents shown in
Fig. 1(c) produced from the incident time varying electric
field which generates a magnetic field polarized parallel to
the surface normal of the SRR. This is not surprising since,
as mentioned, SRRs are bianisotropic, meaning that the
electric and magnetic responses of the SRR are coupled
#!!"()!!!". In contrast, the higher energy !1 resonance
at 1.6 THz is from the half wave resonance due to the side
length L # 36 !m of the SRR, consistent with the calcu-
lated surface currents shown in Fig. 1(d) [17].
Upon rotating the SRR sample by 90& such that E is
parallel to the SRR gap, a different electrical resonant
behavior is observed [blue (light) curves in Figs. 1(a) and
1(b)]. In particular, there is only a single broad absorption
at !k # 1:38 THz. We have verified through simulation
(not shown) that this resonance is analogous to the !1 half
wave resonance. The redshift and broadening of the !k
resonance in comparison to the !1 is consistent with the
fact that there are now two L # 36 !m side lengths per
unit cell resulting in enhanced dipolar coupling [18].
Importantly, there is no electric resonance that is analogous
to the !0 resonance for this orientation; i.e., there is no
response with E producing circulating currents with an
associated magnetic field directed perpendicular to the
GaAs substrate. This is expected as a detailed group theo-
retical analysis has revealed [11].
To further investigate the nature of the !0 resonance, the
SRR response was measured at various angles of inci-
dence. Measurements were performed with E parallel to
the SRR gap so that there is no electrically active !0
resonance to complicate determination of the !!!" re-
sponse. In particular, the SRR is rotated about an axis
parallel to the split gap of the SRR. This permits charac-
terization of the magnetic response of the SRR since !!!"
increases for increasing angles with a maximum occurring
for ! # 90&. The results for angles of incidence ! # 0,
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FIG. 1 (color online). The frequency dependent transmission
spectra T!!" of the SRR sample is shown in (a), and in (b) the
corresponding phase of the transmission is shown. In (a) and (b),
the electric field is perpendicular to the SRR gap [red (dark)
curves] and parallel to the SRR gap [blue (light) curves] at
normal incidence. (c) and (d) are the surface current densities
for the !0 (0.5 THz) and !1 (1.6 THz) resonances, respectively,
as calculated by simulation. See the text for details.
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Figure 2.14: Comparison between the simulated (a) and experimental (b) spectra
of the array of SRRs in [74]. The red curve represents the spectrum
obtained with polarization perpendicular to the gap ( ~E ‖ y), while
the blue curve is the spectrum resulting by sending an electromagnetic
wave polarized along the gap bearing side ( ~E ‖ y).
is sent perpendicularly to the plane of the hybrid metasurface from the
column of air above the structure. The Faraday angle is calculated with
the approximation described in Section 2.2.2 which was seen to be consis-
tent for the simulation of the Faraday effect of graphene. For the case of
the final device to be fabricated, also the simulation with opposite direc-
tion of propagation of the wave is performed just to have the final proof
of the validity of our approximation and of the actual non-reciprocity
of the rotation of the polarization. First of all, the confirmation of an
effective amplification of the Faraday effect of graphene by the presence
of the SRRs is shown. As a consequence of this observation, a series of
simulations is performed with the aim of improving the performances of
the system, i.e the Faraday angle in combination with the transmittance.
2.4.1 Study of the geometry
Supposing to have a graphene with certain characteristics, for example
with a certain Fermi energy and a given scattering time, the geometry
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0.53 THz
Ex
EyEx
Ex
Ey
Ey
1.6 THz ~E
~H
1.37 THz
~E
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a)
b)
c)
Figure 2.15: Spatial distribution of the x and y component of the electric field ~E
for the optical modes of the SRR in [74] in the xy-plane placed in the
middle of the SRR thickness. In graph a and b the distribution of ~E
for the LC mode at 0.53 THz and for the dipole-dipole mode at 1.6
THz are shown, respectively. They are both excited by waves polarized
perpendicularly to the gap bearing side. In graph c, the ~E distribution
of the optical mode excited by waves polarized parallel with the gap
bearing side is reported.
and the arrangement of the SRRs of the metasurface are the parameters
which can be varied in order to improve the Faraday effect. A priori, there
are an infinite number of possible SRR geometries and shapes of the unit
69
2 Simulations of the system
0.53 THz 1.6 THz 1.37 THz 
~E
~H
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~H
Figure 2.16: Surface current densities of the three excited optical modes in the SRR
of [74]. The first two pictures show the electric currents in the LC and
dipole-dipole modes, respectively. The third one represents the cur-
rents for the mode excited by electromagnetic waves with polarization
along the gap bearing side. For both cases the orientation of ~E and ~B
is shown.
cell that can lead to this result. In order to reduce this enormous space
of parameters, only square SRRs with square unit cell are considered.
Furthermore, square SRRs are divided in close and open ones and they
are studied separately. Close SRRs are the ones considered in the work
of O’Hara et al. [73], while open SRRs are the analogue to the one in
the work of Padilla et al. [74]. For each type of SRR, the effects of
the variation of the structural components of the SRRs on the system
performances are investigated. In this way, for each planar geometry, the
combination of parameters (width of the wire and of the gap, length of
the capacitor, thickness of the gold layer, etc.) maximizing both Faraday
rotation and transmittance is found.
Closed geometry
The research for the best planar SRR geometry for the amplification of
the Faraday effect in graphene starts with the closed SRR represented in
Figure 2.17. This geometry is simplified with respect to the one studied
in Figure 2.11 of article [73]. It lacks the degree of freedom associated
with the width of the capacitor plates. The side length of the SRR and
that of the unit cell are 26 µm and 36 µm. Consequently, the optical
resonances of the SRR fall in the THz range. Once the size of the SRR
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is fixed, the only two remaining parameters are the width of the gap (g)
and that of the wire (w).
First, the response of the hybrid metasurface to an electromagnetic
~E k x ~E k yy
x
Ex
Ey
Ex
Ey
~J~J
g
w
w
Figure 2.17: Spatial distribution of the x and y component of the electric field ~E
and surface current density ~J for the studied SRRs. The images in the
left column are related to the optical mode excited by electromagnetic
wave linearly polarized parallel to gap bearing side ( ~E ‖ x). In the right
column instead there are the same images for the LC mode excited by
the wave polarized orthogonal to the gap ( ~E ‖ y).
wave linearly polarized parallel to the gap bearing side is investigated. A
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magnetic field of 7T is applied perpendicularly to the metasurface to ac-
tivate the Faraday rotation in graphene. In Figure 2.18 and Figure 2.19
the transmittance and the Faraday rotation for different values of g and
w in the frequency range from 1 THz to 5 THz are shown. In all the
graphs of the two images, the Fermi energy of graphene is set to -0.2 eV
and the scattering time is 8.05×10−14 s as in [10]. The first observation
is that the spectrum is dominated by the SRR resonance. For a fixed
value of g, it is possible to see from graphs a, b, c and d of Figure 2.18
that the frequency of minimum transmittance blue-shifts increasing the
value of w. For the first three values of w (1.4 µm, 2.4 µm and 4.8
µm), the resonance frequency shifts linearly (2.8 THz, 3.4 THz and 4
THz, respectively), then it increases more slowly. The value of minimum
transmission diminishes increasing w. The portion of surface covered by
gold is in fact increased. On the other hand, fixing w, the spectrum
does not change by variations of g. This means that the nature of the
resonance is completely different from the LC mode. This is also evident
from the field and current distribution in Figure 2.17.
The most interesting results arise from graphs b, d, f and h of Figure 2.18
and from b, d, and f of Figure 2.19 where the Faraday angle (calculated
via Eq. 2.3) induced by the hybrid metasurface is shown as function of
frequency. Several comments have to be made. First of all, the Faraday
rotation is completely different from that of graphene (see Figure 2.5. For
the values assigned to the parameters of the Drude model of graphene
(EF , τ and magnitude of B) the frequency of the cyclotron resonance
is equal to 5.7 THz, outside the investigated range of frequency. The
simulated Faraday rotation instead shows a particular resonant feature
in correspondence of the SRR resonance. The Faraday angle assumes a
maximum negative value and a maximum positive one in close proximity
to the minimum transmittance. Thus, depending on the frequency, the
rotation can have opposite signs. What is more important to note is that
the two absolute maxima of the Faraday angle for each combination of
geometric parameters are both bigger (apart in very few cases) than the
simulated Faraday angle for graphene alone (about 0.06 rad of maximum
rotation, see Figure 2.4). Faraday rotation is seen to assume angles above
0.26 rad, more than 4 times the angle of rotation achieved with the single
graphene layer. Moreover, the axial ratio of the output wave is always
bigger than 10 in the frequency range of amplification. This ensures an
almost preserved linear polarization. The enhancement of the Faraday
effect by the high field concentration in proximity of the graphene layer
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Figure 2.18: Study of the effect of micro-structure variations of the SRR geometry
(shown in Figure 2.17) on the transmittance and Faraday angle of
the hybrid graphene-SRR metasurface. Four values of the width of
the SRR gap (g) are chosen. For each value of g, two graphs are
obtained. The left one shows the transmittance for five different values
of the width of the SRR wire (w), while the right one shows the five
corresponding Faraday angles.
allowed by the sub-wavelength cavity resonator is thus demonstrated.
Classically, the Faraday effect is proportional to the applied magnetic
field parallel to the wave propagation, and to the length of the medium
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(see Section 1.2.3). Since there is no strong amplification of the magnetic
field, the primary cause of the enhancement of the Faraday angle must
be the increase of the effective length of the system or alternatively a
reduction of the phase velocity of the electromagnetic wave.
In Figure 2.18, the same shifts observed in the spectrum by changing
w=1.4 umw=1.4 um
w=2.8 um
w=4.2 um
w=2.8 um
w=4.2 um
a b
c d
e
f
Figure 2.19: Study of the effect of micro-structure variations of the SRR geometry
(shown in Figure 2.17) used in the hybrid graphene-SRR metasurface.
Three values of the width of the SRR wire (w) are chosen. For each
value of w, two graphs are obtained. The left one shows the transmit-
tance for four different values of the width of the SRR gap (g), while
the right one shows the four corresponding Faraday angles.
the value of w appear also for the feature in the Faraday angle spectrum.
Increasing the resonance frequency, the absolute value of the maximum
Faraday angle increases until the resonance frequency approaches ap-
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proximatively 4 THz. Above this frequency it starts to diminish. This is
in agreement to the fact that at about 4 THz there is the maximum of
Re(σxy) and thus the maximum Faraday angle. The microcavity with its
optical mode resonant with the maximum of Re(σxy) forces the radiation
to ”spend more time” in the proximity of the graphene layer accumu-
lating more rotation. Observing Figure 2.19 where now w is fixed, the
curves of the Faraday angle change by varying g although the respective
transmittances remain unchanged. Thus, also if the transmittance of the
metasurface does not depend on g, for the Faraday rotation this is not
the case; it depends on both the frequency position of the SRR resonance
and the field distribution inside the cavity resonator.
Thanks to the study of the effect of micro-structure variations on the
performances of the hybrid metasurface, the combination of the values
of g and w that maximizes the Faraday rotation is found. As graph b in
Figure 2.20 shows, for w=6 µm and g=5 µm a Faraday angle of about
0.32 rad (more than 18 degrees) at B=7T is reached. Due to the strong
dependence of the Faraday effect of graphene on the Fermi energy, the
same structure is simulated for other values of the charge density. In this
case an n-type doping of the graphene layer is considered; this fact will
imply the inversion of the sign of the Faraday angle with resect to the
case of the previously described graphs where a p-type doping (EF=-0.2
eV) was considered. Changing the Fermi energy, the frequency position
of the resonance passes from 4 THz at 0.1 eV to 3.5 THz at 0.5 eV (graph
a). Also the frequency position and the value of the maximum Faraday
angle is strongly influenced by the doping level. As shown in Table 2.1,
the maximum amplification of the Faraday rotation of graphene mono-
layer achieved using the hybrid metasurface depends on this parameter
revealing it crucial to tune the coupling with the metallic metasurface.
In the right column of Figure 2.20, the transmittance and Faraday angle
obtained for the same geometry by sending a linear plane wave polarized
perpendicular to the gap side are shown. The excited mode with this po-
larization is the LC mode. The distribution of the electromagnetic and
current density localized in each SRR are reported in the right column
of Figure 2.17. Looking at graph b of Figure 2.20, the overall transmit-
tance in the investigated frequency range strongly diminishes increasing
the Fermi energy. On the other hand, the frequency and the value of
the minimum transmittance changes as for the case of the polarization
parallel to the gap. Passing from 0.1 eV to 0.2 eV, the resonance lightly
blueshifts, while above this doping level the frequency of the minimum
75
2 Simulations of the system
~E k x ~E k y
a
b
c
d
b
c
Figure 2.20: Transmittance and Faraday angle of the hybrid metasurface with the
SRR geometry shown in Figure 2.17 at 7T of applied magnetic field are
reported. The two quantities are obtained for two orthogonal polar-
izations, one parallel ( ~E ‖ x) and one perpendicular ( ~E ‖ y) to the gap
bearing side. The geometric parameters have been fixed to maximize
the Faraday rotation. The unit cell of the metasurface is 28 µm.
starts to progressively decrease. The minimum transmittance instead
passes from almost zero at 3.2 THz to 0.03 at 2.5 THz with 0.1 eV and
0.4 eV of doping level, respectively.
For what regard the Faraday angle, it still shows a resonant shape that
moves according to the frequency shift of the metasurface resonance, but
with different features and much lower maximum rotations. The high-
est Faraday angle (0.094 rad) is reached at about 3.1 THz with EF=0.2
eV. For higher Fermi energies the maximum rotation diminishes, but
the range of the Faraday effect is wider. For 0.3 eV, the Faraday angle
reaches the maximum value (0.076 rad) at about 3.5 THz and above this
frequency it continues to be almost the same until 5.5 THz when it starts
to go down. It is worth noting that, also maximizing the Faraday rotation
by changing the dimensions of the geometric parameter w and g of the
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EF (eV) Frequency (THz) θ
hm
F (rad) θ
g
F (rad) Amplification
0.1 4.05 0.23 0.019 12.1
0.2 4.05 0.32 0.065 4.92
0.3 3.85 0.29 0.035 8.28
0.4 3.74 0.32 0.002 160
0.5 3.53 0.32 -0.01 32
Table 2.1: The simulated values for the maximum Faraday angle (θhmF in
the 3rd column) achieved with the hybrid metasurface for five
different Fermi energies at 7T are reported. The corresponding
frequencies are in the 2sd column. In the 4th and 5th columns
the values of the Faraday angle (θgF) obtained by only the
graphene mono-layer and the relative amplification achieved
using the hybrid metasurface are shown, respectively.
planar geometry, the maximum reached Faraday angle does not exceed
the value of 0.1 rad (≈ 6◦), meaning that the LC mode is not suitable
to achieve strong amplification of the Faraday effect for this geometry.
In order to study the behaviour of the hybrid metasurface at different
frequencies, the dimension of the unit cell of the metasurface is scaled.
According to Eq. 1.85 in Section 1.4.3, the frequency of the LC resonance
is inversely proportional to the side length (l) of the SRRs. In Figure 2.21
and Figure 2.22, at different Fermi energies the transmittance and Fara-
day angle for both polarizations ( ~E ‖ x and ~E ‖ y) have been simulated
for dimensions of the unit cell of 39.2 µm (a factor 1.4 of the previous one)
and 16.8 µm (a factor 0.6), respectively. Observing the transmittances
obtained with ~E ‖ y in Figure 2.21 and Figure 2.22, the resonance fre-
quency scales consistently. The same behaviour is obtained for the mode
excited with ~E ‖ x, thus revealing that also its frequency is proportional
to l−1. The same considerations for the simulations obtained with the
unit cell of 28 µm can be made also for the ones resulting with a bigger or
a smaller size. In particular, the graphs of the Faraday angle reveal that
the amplification of the Faraday rotation is always present in the wide
frequency range of the resonance. The highest enhancements are again
obtained with the polarization parallel to the gap bearing side. For the
39.2 µm-width unit cell, the biggest Faraday angle, 0.36 rad (about 21◦),
is achieved at 2.88 THz with 0.2 eV, while for the 16.8 µm it reaches
0.42 rad (24◦)with 0.3 eV. The Faraday angles obtained with ~E ‖ y are
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Figure 2.21: Transmittance and Faraday angle of the hybrid metasurface with the
SRR geometry shown in Figure 2.17 at 7T of applied magnetic field
are reported. The two quantities are obtained for two orthogonal po-
larizations, ~E ‖ x (left column) and ~E ‖ y (right column). In this case
the dimension of the unit cell is 39.2 µm.
almost all smaller than 0.1 rad. A big axial ratio of the polarization of
the outgoing wave is also in these cases preserved. At the frequencies
of maximum rotation, it even acquires the highest value which can be
bigger than 100 for the used Fermi energy.
The most important observation is that we have demonstrated a great
amplification of the Faraday effect over a wide portion of the THz range.
We can thus assert that the non-reciprocal effect can be amplified in
the range of interest by simply choosing the appropriate dimension of
the SRR. However, the range of this enhancement is always in corre-
spondence of the SRR resonance, in particular very close to minimum
transmittance, that is always very low. In the best case it can reach
values of a few percent.
The following simulation study are thus performed in order to improve
the transmittance in the frequency region where the amplification is
achieved.
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Figure 2.22: Transmittance and Faraday angle of the hybrid metasurface with the
SRR geometry shown in Figure 2.17 at 7T of applied magnetic field are
reported. The two quantities are obtained for two orthogonal polar-
izations, ~E ‖ x (left column) and ~E ‖ y (right column). The dimension
of the unit cell is now 16.8 µm.
Open geometry
In this section the open geometry shown in Figure 2.15 in Section 2.3.2
is studied. As done for the configuration investigated in the previous
section, the geometric parameters have been varied to reach the highest
possible Faraday rotation. The parameters of the planar geometry con-
tinue to be the width of the SRR wire (w) and that of the gap (g). The
final geometric configuration has w=5 µm and g=3 µm, while the side
length and the unit cell size are 24 µm and 26 µm, respectively.
The transmittance and the Faraday angle of the final geometric con-
figuration for two orthogonal polarizations ( ~E ‖ x and ~E ‖ y) of the
incoming wave are shown in Figure 2.23. The amplitude of the ap-
plied magnetic field is 7T. Varying the Fermi energy, the transmittance
presents the same features for the case of the closed geometry studied
in the previous section. On the other hand, the highest amplification of
the Faraday rotation is reached at 2.75 THz and 3.9 THz for ~E ‖ x and
~E ‖ y, respectively. In both cases the Faraday angle is about 0.15 rad (9
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Figure 2.23: Transmittance and Faraday angle for the open geometry shown in Fig-
ure 2.15. In the left column there are the results obtained with the po-
larization of the incoming wave parallel to the gap bearing side ( ~E ‖ x),
while in the left column there are the ones for the orthogonal polariza-
tion ( ~E ‖ y). The curves in each graph are obtained with five different
values of the Fermi energy.
degrees), but with 3% and 11% of normalized transmission, respectively.
It is worth noting that, at low frequencies (about 0.01 THz), the Faraday
rotation reaches more than 0.20 rad with a transmittance of more than
50% with ~E ‖ y at 0.5 eV (graph d). Nevertheless, this rotation is not an
effect of the metallic metasurface. As it is possible to understand from
Figure 2.5, a Faraday angle of 0.21 rad is already caused by the graphene
monolayer at these low frequencies.
In summary, the transmittance at maximum rotation is higher than for
the other geometry, but the Faraday angle is more than halved, revealing
this geometry less effective for the amplification of the Faraday effect of
graphene.
The study of this open geometry thus continues with the investigation of
the role of asymmetry in the SRR shape. An asymmetry is introduced
by the 1 µm shift of the gap along the SRR side as shown in the inset of
the graph a) of Figure 2.24, where the results for both the initial polar-
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ization are shown. The results for both initial polarizations are shown in
Figure 2.24. Here, the comparison between the behaviour of the hybrid
metasurface for 7T and -7T is presented. Despite the transmittances be-
ing almost identical, the Faraday rotation is not perfectly non-reciprocal
as previously and for graphene (see graph b of Figure 2.4). The rotation
of the polarization achieved with a positive magnetic field is not just the
opposite of that obtained with a negative one. Apart from low frequen-
cies, where the effect of the metasurface is not present, the absolute value
of the angle is always different and in some cases the rotations have the
same sign also with opposite external magnetic field. This results in the
net Faraday angle represented by the blue curves in graphs c and d. It
can be observed that the two curves are very similar to the respective
blue curves in graph c and d of Figure 2.23 with EF=0.3 eV obtained for
the geometry without the asymmetry. Thus, also the introduction of the
asymmetry does not modify the strength of the Faraday effect for this
type of planar geometry.
Importance of the symmetry
In the simulations for the closed and open geometries, very different non-
reciprocal properties of the metasurface are revealed depending on the
direction of polarization of the incoming linearly polarized electromag-
netic wave. Specially for the studied closed geometry, we observe that for
polarization parallel to the gap ( ~E ‖ x), the Faraday angle reaches very
high values, but with a transmittance lower than a few per cent. On the
other hand, at the frequencies of maximum rotation for this polarization,
the transmittance for the orthogonal one ( ~E ‖ y) reaches values bigger
than 0.25 (see for example Figure 2.22 at 7 THz).
Consequently to this observation, the first idea to improve the transmit-
tance was to modify the planar geometry in such a way to couple the
two modes excited with orthogonal polarizations. This coupling would
allow to have approximately the Faraday rotation of the first ( ~E ‖ x) and
the transmittance of the second ( ~E ‖ y). The strength of this coupling
at a given frequency would in fact be provided by the Faraday effect of
graphene and by the overlap between the spatial distribution of the elec-
tromagnetic fields of the two modes.
Progressing in this direction, a variety of other SRR geometries have
been studied. However, the best performances continued to be the ones
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Figure 2.24: Transmittance and Faraday angle for the open geometry shown in Fig-
ure 2.15, but with a 1 µm shift of the gap along the SRR side as shown
in the inset (a’) of graph a). The two quantities are obtained for po-
larization parallel (left column )and orthogonal to the gap bearing side
(right column). In graphs c and d, the red and green curves are related
to the angle of rotation (θF) for the values 7T and -7T of the applied
magnetic field, respectively. The blue curves instead represent the net
Faraday rotation given by Eq. 2.3. The Fermi energy of graphene is
set to 0.3 eV.
of the first optimized geometry, and thus their description is omitted.
Nevertheless, some important information arise from comparing the two
previously studied (open and closed) geometries focusing on symmetry
arguments. The closed geometry in Figure 2.17 has two in-plane axes
of symmetry, one oriented along the gap bearing side (parallel to x) and
the other perpendicular to it (parallel to y). This means that this shape
is invariant by rotations of 180◦ around the transverse axis (z-axis). The
open geometry in Figure 2.15 instead has only one axis of symmetry ori-
ented along the x-axis, meaning that it reacquires its identical orientation
in space when it is rotated by 360◦. From the Faraday rotation of these
two geometries (but also confirmed by that of the other studied shapes),
it is possible to observe that the strongest amplification of the Faraday
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Figure 2.25: Images (a and b) of the spatial distribution of the x and y components
of the electric field ~E for the SRR geometry invariant by rotations of
90◦ around the z-axis. In c also the surface current density ~J of the
same SRR is shown. All three images are relative to the mode excited
with the direction of polarization of the electromagnetic wave parallel
to the x-axis.
effect is achieved with more symmetric geometries.
The closed geometry studied in Section 2.4.1 is thus modified in a shape
a b
Figure 2.26: Transmittance (graph a) and Faraday angle (graph b) of the SRR
geometry shown in Figure 2.25 for different values of the Fermi energy.
The external magnetic field is set to 7T.
which is invariant by 90◦ rotations around the transversal axis. The new
geometry is shown in Figure 2.25. Now, in the center of the SRR there are
two gaps oriented along perpendicular directions (x and y). Due to the
symmetry, the electromagnetic response of the metasurface constituted
by these SRRs does not depend on if the polarization of the incoming
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wave is directed along x or y.
The transmittance and the Faraday rotation for this type of SRR is shown
in graph a and b of Figure 2.26, respectively. As done for the previous
SRR shape, the geometric parameters have been varied to optimize the
performance of the metasurface. Despite the maximum reached Faraday
rotation (about 0.26 rad) being slightly lower than the one achieved with
the less symmetric geometry of Figure 2.17, the relative transmittance
has greatly increased. A Faraday angle of 0.21 rad (15 degrees) with a
transmittance of about 0.21 is in fact possible with a Fermi energies of
0.3 eV and an amplitude of 7T of the external magnetic field. The AR
of the outgoing wave still continue to be bigger than 10.
It is interesting to compare these last results with the ones obtained in
Figure 2.20 for the closed geometry of Section 2.4.1. The transmittance
(resulting both with a polarization parallel to x-axis or to y-axis) turns
out to be very similar to the one in graph b of Figure 2.20 obtained
with the direction of polarization perpendicular to the gap bearing side.
The Faraday angle in graph b of Figure 2.26 instead resembles the one
presented in graph c of Figure 2.20 obtained with the direction of polar-
ization parallel to the gap.
Ex Ey Hz
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Figure 2.27: Spatial distribution inside the unit cell of the x and y components of
the electric field ~E and of the z component of the magnetic field ~H for
the excited optical mode of the SRR geometry with the central part
invariant by rotation of 45◦ around the z-axis. The polarization of the
incoming electromagnetic wave is parallel to the x-axis. The dimension
of the unit cell is 25 µm.
Due to the symmetry of the last geometry, the electric field of a plane
wave linearly polarized along the x-axis (y-axis) is simultaneously per-
pendicular to the gap along x (y) and parallel to the one oriented along
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Figure 2.28: Transmittance and Faraday rotation of the geometry shown in Fig-
ure 2.27 for different Fermi energies. In graphs b and c, the two quan-
tities are obtained with the refractive index of the substrate (n=1.5),
while in graphs b and d, the same quantities are obtained with n=2.5.
The external magnetic field is already set to 7T.
y (x). This fact can intuitively explain the hybrid behaviour between
the ones obtained with the two polarizations ( ~E ‖ x and ~E ‖ y) for the
geometry of Figure 2.17.
The net improvement of the performance obtained with the geometry
in Figure 2.25 suggests to increase even more the symmetry of the SRR
shape. Thus, the same geometry has been modified in such a way to be
invariant by rotations of 45◦ around the transversal axis7. The image of
this new geometry and the spatial distributions of the electromagnetic
fields are reported in Figure 2.27.
In graphs b and d of Figure 2.28 the transmittance and Faraday angle
of this SRR are shown, respectively. Further improvements are evident
just observing the maximum Faraday rotation of more than 0.35 rad at
about 4.4 THz. The best working point however is found to be at 5 THz
7More precisely, the central holed part (without gold) of the SRR has this symmetry.
The contour of the SRR shape, which is seen not to strongly affect the behaviour
of the overall metasurface, continues to be squared.
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Figure 2.29: Final state of polarization of the electromagnetic wave which crossed
the hybrid metasurface made of SRRs with the geometry shown in
Figure 2.27. The ellipse of polarization is describe by the red arrows.
The angle (θF) of about 20
◦ formed by the direction of the major axis
of the ellipse and the x-axis is the Faraday angle achieved at 5 THz.
The AR of the polarization is 12.
with a doping level of 0.4 eV. At this frequency the Faraday angle reaches
0.3 rad and the relative transmittance is about 0.23 with an AR of 12.
The final state of polarization of the outgoing wave is reported in Fig-
ure 2.29. Continuing to further increase the symmetry of the SRR shape
the performance of the system does not improve considerably. With a
SRR geometry invariant under rotations of 22.5◦ the best working point
has a Faraday angle of 0.33 with a transmittance of about 0.25. More-
over, a metasurface of SRRs with this geometry implies a great increase
of difficulties in the fabrication process due to the small distance between
the elements in the center of the SRR8. This last geometry is shown in
Figure 2.30. For this reason, the metasurface with the SRR geometry
shown in Figure 2.27 is individuated to be the best candidate (found so
8The fabrication technique used to realize this type of metasurface composed of
elements of (sub)micrometer dimension is the electron beam lithography (EBL)
described in the following chapter. The dimension of the elements to be realized
(or also the distance between them), if smaller than a certain value, can in fact
represent a source of difficulty or even a potential limit to their fabrication.
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Figure 2.30: Spatial distribution inside the unit cell of the x and y components of
the electric field ~E and of the z component of the magnetic field ~H for
the excited optical mode of the SRR geometry with the central part
invariant by rotations of 22.5◦ around the z-axis. The polarization
of the incoming electromagnetic wave is parallel to the x-axis. The
dimension of the unit cell is 20 µm.
far) for the realization of the first sample to be experimentally studied.
2.4.2 Importance of the substrate
Once identified the SRR geometry, the simulation study follows with the
research of the best substrate on which to fabricate the metasurface.
Until now, the substrate has been considered of virtually infinite exten-
sion by using a PML and its refractive index has been set always to 2.5
neglecting the losses. The aim of this section is to understand how the
performance of the hybrid metasurface are influenced by the (real)9 value
(n) of the refractive index and by thickness of the substrate.
In Figure 2.28 a comparison with the results obtained with the refractive
index n=1.5 (graph a and c in the left column) and the ones obtained
with n=2.5 (graph b and d in the right column) reveals the strong depen-
dence of the performance of the system on the value of n. The frequency
region in which the resonance of the metasurface is present is shifted
to higher frequencies. Decreasing n, the wavelength of radiation in the
substrate in fact increases, thus the frequency of the incoming wave has
9The refractive index continues to be supposed real for simplicity. After having found
the value which ensures the best performance of the metasurface, the imaginary
part will be inserted to simulate the optical properties of a real substrate.
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to be incresead to be again in resonance with the optical mode of the
metasurface. It can be observed however that this shift is not inversely
proportional to n. What is more interesting to note is that despite the
Faraday rotation not being improved (apart at EF=0.1 eV for which it
reaches about 0.43 rad, but with a transmittance of almost zero), the
transmittance acquires larger values. At 7.1 THz a Faraday angle of
more than 0.33 rad with a normalized transmission of about 0.38% is
achieved. Increasing the Fermi energy, the Faraday angle diminishes in
favor of the transmittance.
Starting from these results, the spectrum and Faraday rotation of the
hybrid metasurface are investigated for 100 µm and 20 µm thickness of
the substrate. The chosen refractive indices instead are 1.5, 2.5 and 3.5,
values which are quite common for existing substrate materials. The re-
sults of this study are summarized in Figure 2.31. The first observation
is the presence of the Fabry-Pe`rot oscillations which naturally originate
from the finite thickness of the substrate. Looking at the Fabry-Pe`rot
oscillations in the graphs obtained with the 100 µm thick substrate, we
can observe that the predicted periodicity for all the considered refractive
indices are in agreement with the frequency displacements between two
adjacent peaks in the the simulation10. It is worth noting that the same
periodicity is present both in the spectrum and in the Faraday angle.
On the other hand, for the graphs obtained with 20 µm thick substrate,
the Fabry-Pe`rot peaks cannot be easily identified due to the five times
lower frequency displacement between them with respect to one achieved
with the thicker substrate. Comparing the results obtained with the two
different thickness, the maximum reached Faraday rotation is seen to be
higher in the presence of the Fabry-Pe`rot interference (the case of 100
µm thick substrate). This difference is more evident at n=3.5 where the
maximum Faraday angle is 0.38 rad and 0.3 rad for the 100 µm and 20
µm thick substrate, respectively. For n=1.5, the discrepancy between
these two values is almost absent. The Faraday angle and transmittance
at the best working point for each simulated combination of refractive
index and thickness are shown in Table 2.2. From these results, we can
understand that the value of the refractive index is the most important
parameter of the substrate in order to improve the performance of the
system. In particular, the strongest Faraday rotation of about 0.33 rad
with the highest value of transmittance (0.33) is achieved with the re-
10The frequency displacement between two adjacent peaks is 1 THz, 0.6 THz and
0.43 THz for n=1.5, 2.5 and 3.5, respectively.
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Figure 2.31: Transmittance and Faraday rotation for the hybrid metasurface with
the SRR geometry in Figure 2.27. In the left column there are the
results obtained with a 100 µm thick substrate with a refractive index
n of 1.5 (graph a), 2.5 (graph c) and 3.5 (graph e). In the right column
instead the simulated results with a 20 µm thick substrate for the same
refractive indices (n=1.5, 2.5 and 3.5 in graph b, d, and f, respectively)
are presented. The Fermi energy of graphene is fixed at 0.3 eV, while
the amplitude of the external magnetic field continues to be 7T.
fractive index of 1.5 for both simulated thicknesses. Ensuing simulations
revealed that these performances are optimized using a refractive index
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Refractive index n=1.5
Thickness νw (THz) θF (rad) T
20 µm 7 0.32 0.32
100 µm 7.2 0.33 0.33
Refractive index n=2.5
Thickness νw (THz) θF (rad) T
20 µm 5.5 0.26 0.26
100 µm 5.25 0.32 0.2
Refractive index n=3.5
Thickness νw (THz) θF (rad) T
20 µm 4.2 0.14 0.14
100 µm 3.8 0.13 0.13
Table 2.2: Table showing the values of the Faraday angle (θF) and trans-
mittance (T) at the working frequency (νw) for the three sim-
ulated values (1.5, 2.5 and 3.5) of the refractive index and for
the two investigated thicknesses (20 µm and 100 µm) of the
substrate.
of the substrate approaching 1 as closely as possible. A low refractive
index in fact allows to increase considerably the field concentration in
proximity of the graphene and thereby the Faraday rotation; moreover it
implies a reduction of the Fresnel reflection leading to an increase of the
overall transmittance. A suspended structure (air as substrate) is thus
found to be the best solution to reach the highest possible performance
of the hybrid metasurface. However, the little improvement allowed by
this configuration and the great complication of the fabrication process
makes the realization of such a structure disadvantageous. The idea is
then to find a substrate with a refractive index of about (or even smaller
than) 1.5 and with small optical losses in the THz range.
2.5 Simulation of the real experiment
At the end of the simulations shown in the previous sections, the final
structure of the system to be fabricated has been chosen. First of all,
the planar geometry (the one of Figure 2.27) of the metasurface to reach
a great amplification of the Faraday rotation of graphene accompanied
with a good transmittance was identified. Then, an appropriate refrac-
tive index of the substrate on which to fabricate the metasurface was
found. The considerations of the previous section led to the choice of
using the Cyclic Olefin Copolymer (COC) as substrate. This type of
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polymer is a dielectric material with remarkable optical properties suit-
able for our system such as a low permittivity (n=1.53 at 1 THz) and a
low absorption coefficient (α < 3 cm−1 up to 10 THz) [76]. Finally, the
Figure 2.32: Device sketch showing the layers of the structure. Graphene, placed
on top, is separated by a 200 nm thick layer of oxide (SiO2) from the
100 nm thick metasurface of periodically arranged and interconnected
SRRs of Figure 2.27. At the base there is the 185 µm thick layer of
Cyclic Olefin Copolymer (COC).
observed strong dependence of the Faraday rotation of graphene on the
Fermi level and the high doping tunability of graphene itself led to the
idea of the realization of an electric gate in order to control externally the
Fermi energy of graphene and then the performance of the hybrid meta-
surface. Thus, the final structure of the system reported in Figure 2.32
has the graphene on top with a 200 nm thick layer of oxide which sep-
arates it from the underlying metasurface of SRRs. The fundamental
role of the oxide layer is not only to allow a easier and planar transfer
of the graphene layer, but also to electrically isolate graphene from the
metallic metasurface. In order to apply an electrostatic voltage exploit-
ing the metallic metasurface, the latter must be arranged in a connected
geometry. It is for this reason that each SRR is connected to each side
to the four nearest neighbours by thin wires.
In this section the magneto-optical behaviour of this final structure to
be fabricated is thus simulated. The only two differences with respect
to the simulations of the previous section are the addition of the inter-
connections between each SRR and the insertion of losses of the COC
substrate11. The dimension of the simulated unit cell is 25 µm, the SRR
size is 18.4 µm and the connecting wires (placed in the middle of each
SRR side) are 4 µm wide. In Figure 2.33, the results for the Faraday
angle and transmittance of the system for different Fermi energies are
shown.
11The optical losses of the COC are inserted in the simulation by fixing the imaginary
part of the refractive index at 0.003, corresponding to an absorption coefficient of
less than 2 cm−1. The real part of the refractive index is set to 1.5.
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Figure 2.33: Transmittance and Faraday angle of the final hybrid metasurface for
five different values of the Fermi energy. The amplitude of the external
magnetic field is fixed at 7T. The scattering time of graphene continues
to be 8.05×10−14 s.
It can be observed that two adjacent Fabry-Pe`rot peaks are separated
in frequency by a mean value of about 0.5 THz which is in good agreement
with the theoretical value of 0.54 THz. For what regards the behaviour
of the metasurface, we note that the high performance described in the
simulations of the previous section are maintained also with the 185 µm
thick layer of COC and the addition of the interconnections between
SRRs. The maximum Faraday rotation of 0.44 rad is reached at 6.8 THz
with EF=0.1 eV, but with a transmittance a little bit more than 0.01.
With a Fermi energy equal or greater than 0.2 eV, Faraday rotation of
more than 0.3 rad with normalized transmission of about 30% can be
obtained. The performance of the system at the working points for all
the simulated doping levels are reported in Table 2.4. All the working
points are approximatively around 6.8 THz. Increasing the Fermi level
the Faraday rotation is seen to decrease; it passes from 0.44 rad at 0.1
eV to 0.29 rad at 0.5 eV. However, this decrease is accompanied by a
great improvement in transmission, passing from 0.015 to 0.3 at 0.1 eV
and 0.5 eV, respectively. Moreover, the frequency region in which good
performance are maintained is wide more than 1 THz, from about 6.5
THz to more than 7.5 THz. This implies that moving away from the
working frequency (especially for EF= 0.2, 0.3 and 0.4 eV), it is possible
to considerably improve the transmittance conserving at the same time
a high value of Faraday rotation. It is important to note also that the
axial ratio of the transmitted wave is always very high confirming that the
92
2.5 Simulation of the real experiment
EF (eV) νw(THz) θF (rad) T AR
0.1 6.8 0.44 0.015 17
0.2 6.9 0.36 0.19 24
0.3 6.85 0.35 0.22 46
0.4 6.8 0.32 0.25 81
0.5 6.8 0.29 0.3 90
Table 2.3: Table showing the values of the Faraday angle (θF), transmit-
tance (T) and reflectance (R) at the working frequency (νw) of
the final system for the five investigated Fermi energies. The
axial ratio (AR) of the polarization of the transmitted wave is
also reported. The data are extracted from Figure 2.33.
polarization preserves a low degrees of ellipticity. The AR is observed
to assume low values in the frequency region from 8 to 9 THz. The
polarization becomes approximately circular (AR = 1.05) at 8.3 THz.
Due to the very high degree of ellipticity, in this case the calculation of
Faraday angle does not make sense. This allows to explain the high peak
present in the Faraday angle in correspondence of this frequency.
Finally, the dependence of the performance of the hybrid metasurface
Figure 2.34: Transmittance and Faraday angle of the final hybrid metasurface for
four different amplitude of the applied magnetic field. The Fermi en-
ergy of graphene is fixed at 0.3 eV while the scattering time of graphene
is 8.05×10−14 s.
on the amplitude of the magnetic field is studied. In Figure 2.34, the
Faraday angle and the transmittance are shown for several amplitudes of
the magnetic field. It can be argued that the Faraday rotation is greatly
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amplified by increasing the magnetic fields.
B (T) νw(THz) θF (rad) T AR
1 6.9 0.04 0.33 125
3 6.93 0.14 0.34 121
5 6.87 0.26 0.25 42
7 6.85 0.35 0.22 46
Table 2.4: Table showing the values of the Faraday angle (θF), transmit-
tance (T) and reflectance (R) at the working frequency (νw) of
the final system for the five investigated Fermi energies. The
axial ratio (AR) of the polarization of the transmitted wave is
also reported. The data are extracted from Figure 2.34.
This is clearly evident in correspondence of the frequency of maxi-
mum rotation, which is always around 6.9 THz for all the investigated
amplitudes. Despite the overall transmittance decrease at higher mag-
netic fields, its value remains approximatively constant around the peak
of maximum Faraday rotation. In table 2.4, the performance of the
metasurface at the working frequency for each used magnetic field are
reported.
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3 Fabrication of the hybrid
graphene-SRRs metasurface
This chapter aims at the description of the steps in the fabrication process
of the structure studied via simulations in Section 2.5; starting from the
preparation of the COC substrate, then passing to the realization of the
metasurface (lithography, development, metallic deposition and lift-off)
and concluding with the oxide-layer deposition for the final graphene
transfer. These operations are all performed in the (ISO6) clean room1
at the NEST laboratories in Pisa.
3.1 Substrate preparation
The preparation of the substrate (a 180-190 µm thick layer of COC) is
the starting point which determines the success of the following fabri-
cation steps. Significant difficulties arising from the use of this highly
transparent, strongly insulating, easily flexible and deformable material
have to be overcome. In order to do this, the preparation consists of a
series of steps, each aimed at solving a specific problem.
After the protective film, which covers the hydrophobic side of a 6 cm2-
large COC piece, is removed, some 1×1 cm2 pieces of COC are cut in
order to constitute the substrate of the future samples. The hydrophobic
side is also the less rough side on which the metallic metasurface will be
fabricated. Each COC wafer is then cleaned in acetone (ACE), rinsed in
isopropanol (IPA) and dried with nitrogen gas.
At this point, each COC wafer is prepared for the Electron Beam Lithog-
raphy (EBL)2. In order to perform the EBL, COC is covered by a layer of
1An environment with a small number of suspended micro-particles (in this case,
less than 1×106 m−3 particles bigger than 0.1 µm) is in fact necessary to limit
as much as possible the contamination of the devices in the delicate fabrication
steps.
2This technique will be the subject of the following section.
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Poly-methylmethacrylate (PMMA)3. The deposition of this layer is done
by spin-coating. After the COC is mounted on a spinner, few drops of
PMMA are deposited in order to cover all the COC surface. The spinner
is then put in rotation at 500 revolutions per minute (rpm) for 5 s and at
4000 rpm for 1 min. In this way, a uniform 250 nm thick layer of PMMA
covers the COC surface with a major accumulation (about twice thicker)
at the edges. The curing of the copolymer4 is then obtained putting it
on a hotplate at 120 ◦C for 15 min.
Now, the wafer is inspected using an optical microscope in order to con-
trol the real homogeneity of the PMMA layer. In fact, during the spin-
ning, if the COC wafer is not perfectly planar and adherent to the ap-
posite sample holder, the deposition of the PMMA layer can result not
uniform also in the central part due to the excessive flexibility of COC.
In fact, appreciable differences in PMMA height can be present resulting
in a too small exploitable area for the fabrication.
Subsequently, a 10 nm thick layer of Aluminum (Al) is thermally evapo-
rated on top of the PMMA. This coating has the role of strongly reducing
the charging of the COC surface during the EBL. Owing to the fact that
this copolymer is highly insulating, during the lithography the electron
beam causes the accumulation of charges. These charges are responsible
for strong deflections and spot deformation of the incident beam. The
Al layer thus allows the accumulated charges to go away thanks to the
metal clamp which is in contact with the Al layer and that fixes the
sample during the EBL.
3.2 Electron-beam lithography of the
metasurface
The central part of the whole fabrication process is the EBL. It consists
in creating a pattern by exposing with electrons a polymer (resist), which
has been previously spin-coated on a substrate. The change induced by
the exposure in the morphology of the exposed resist makes it more or
less soluble5 in a development solution with respect to the unexposed
resist. The development step is thus able to remove the more soluble
3PMMA is an electrosensitive material which changes its solubility under the expo-
sure of an electron beam. It is thus used as a resist for the EBL.
4This step enables to evaporate the solvents of the PMMA making it a dense gelatine.
5The resist can be defined to be positive or negative if the solubility of the exposed
area is increased or decreased, respectively
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part with the final result of the creation of a resist mask which can used
to evaporate metals directly on the substrate. Finally, by removing the
remaining resist, the desired pattern is achieved. A scheme of the whole
fabrication process of the metallic metasurface is described in Figure 3.1.
The EBL is performed using a Scanning Electron Microscope (SEM)
equipped by a pattern generator. In this microscope an electron gun
is used to extract and then accelerate a beam of electrons from a fila-
ment of tungsten (W). Electrons crosses the whole microscope column
passing through a series of lenses (condenser and objective lenses, which
act to control the diameter of the beam as well as to focus the beam
on the specimen), a series of apertures (micron-scale holes in a metallic
film which vary the number of electrons in the beam), to finally arrive
in the specimen chamber and thus impinge on the sample surface. The
interaction of the beam with the sample is responsible for a multitude
of electron signals (backscattered electrons, secondary electrons, Auger
electrons) which are revealed by the detectors. All the chambers of the
column are in ultra-high vacuum (between 10−10 and 10−11 Torr at the
gun level of the column, between 10−5 and 10−6 Torr in the specimen
chamber) in order to avoid as much as possible collisions with suspended
particles.
The success of the lithography depends on some fundamental param-
eters which are: the electron energy (adjustable by changing the accel-
erating voltage), the electron current (regulated by both the apertures
and the accelerating voltage) and the dose factor (the amount of charge
deposited per unit area, measured in µC/cm2). In order to understand
the suitable combination of these parameters for the realization of the
planar geometry, a series of so called dose arrays6 are performed for dif-
ferent accelerating voltages and apertures.
The first realized dose arrays were found to be uninterpretable due to
the presence of large unwanted deformations in the lithographed pat-
tern. This was caused by an insufficient thickness of the Al layer at the
edge of the samples. The metal clamp, used to fix the samples at one
corner on the sample holder, was so unable to take away the charges accu-
mulated on the Al layer with the consequently deleterious effects for the
6A dose array consists in the lithography of various repetitions of the elementary part
of the pattern, each one characterized by a different dose. For our metasurface, it
can be the single SRR or a set of a few of them interconnected by wires.
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is approximately 400 µm by 400 µm, so that more than 20 devices can be
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Figure 25.: Schematic guide of the fabrication process: (a) From a wafer of Si/SiO2
(500 µm/300 nm), onto which a bilayer (copolymer + PMMA) is spin coated, a
chip of about 0.5 mm by 0.5 mm is cut; (b) the bilayer is exposed with highly
energetic electrons (20 KeV). The red and dark green areas correspond to the
exposed zones. The copolymer is more sensitive to electrons and so it is more
influenced; (c) development in a mixture of methylisobutylketone (MIBK) and
isopropanol (IPA) in stoichiometric ratio 1:3 results in a bilayer mask; (d) Metal
evaporated with the shadow-mask technique: on the left the evaporation is
normal to the surface, while on the right is tilted by an angle. The difference
between natural and artificial undercut is reported: the former is due to the
exposure of PMMA, while the latter is caused by a low-dose exposure. Metal
sticks both on the substrate and on the PMMA. In the case of tilted evaporation,
the deposited feature has an angle-dependent offset; (e) lift-off in hot acetone
removes the bilayer mask and also the metal recovering it. Only the substrate
and the metal evaporated onto the substrate remain unchanged.
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Due to its ability to form arbitrary two-dimensional patterns down to the
nanometer scale, electron-beam lithography is one of the most important
techniques in nanofabrication: with respect to photolithography, whose mini-
mum, diffraction-limited features are of the order of the photon wavelength
(⇠ hundreds of nm), electron-beam lithography exploits high-energy elec-
trons with very short wavelengths; for an electron with energy E, the De
Broglie associated wavelength is l = 12.264/
p
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Figure 3.1: Schematic guide of the fabrication process: (a) the initial substrate
constituted by the 185 µm thick wafer of COC with bove the 250 nm
thick spin coated layer of PMMA and the 10 nm thick deposited lay r
of Al (grey layer at the top of the structure). (b) Exposure of the
PMMA layer to highly energetic electrons (20 keV). The light green
areas correspond to the exposed zones. (c) Etching of the Al surface in
MF319 and development of the exposed PMMA in AR 600-56 solution
resulting in the PMMA mask. (d) Deposition of the 10/100 nm Ti/Au
bilayer using a thermal evaporator. For simplicity only the gold layer
is reported in the figure. (e) Lift-off in acetone to remove the PMMA
mask and also the metal recovering it. The final result is the presence
of only the gold pattern on the COC substrate.
lithography process caused by charging. This problem has been resolved
by increasing of a few nm the thickness of the Al layer and by a more
accurate control of the state of this layer using the optical microscope.
The chosen pattern for the lithography is the metasurface constituted by
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a) b) c)
Figure 3.2: Optical images of three lithographies realized on the PMMA layer after
the develompment. The lithographed patterns consist in a 3×3 array of
the final simulated SRR with a unit cell of 25 µm. The effect of charging
and of an excessive dose (350 µC/cm2) on the pattern are shown in a)
and b), respectively. In c) the same array with the correct dose (270
µC/cm2), accelerating voltage (10 kV) and beam current (420 pA with
30µm of aperture) is shown as comparison.
the last SRR geometry which is seen to have the best performance. In
Figure 3.2 examples of the effect of charging (Figure 3.2.a) and excessive
dose (Figure 3.2.b) on the lithography pattern are shown in comparison
with a well lithographed pattern (Figure 3.2.c).
While for the case of charging, the elements of the lithographed pattern
are strongly misaligned and deformed, for an excessive dose the exposed
area is larger than it should have been and the edges of the elements are
rounded. The optimal values of the parameters for the EBL were found
to be: 270 µC/cm2 of dose, 10 kV of accelerating voltage and a beam
current of 420 pA with 30 µm of aperture. Using these parameters, the
total 3×3 mm2 metasurface is realized.
In order to have a precise and definite lithographed pattern, which is as
similar as possible to the predefined design, the operator who performs
the lithography has to achieve a sharp focus, a fine alignment and to
correct both objective aperture and lens astigmatism. The first thing is
to chose a working distance (WD)7 at which to operate. For the per-
formed lithographies a WD of 12 mm was chosen. Due to the relatively
big dimension of our sample, it is possible that points on opposite sides
are at slightly different heights. The focus is thus reached at three differ-
ent points positioned at the corners of the sample where thin scratches
were previously created (using a pen with diamond tip) in order to have
7Distance between the bottom of the objective lens and the specimen.
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something fine and easily detectable to focus on. In this way, a plane
of focus is created. This allows to have automatic corrections in height
during the EBL.
At the same time of the focus, the alignment of the system of coordinates
of the stage with that of the sample is performed in order to position the
working area (WA, area dedicated to the electron exposure) in the desired
region on the sample surface. This WA coincides with the area of the
designed CAD to be reproduced and it is subdivided in unit square ele-
ments called write-fields (WFs). The exposition of the WA is performed
by exposing one WF at a time.In order to allow the electron beam to
scan entirely each WF, an other fundamental alignment has to be done,
the so called WF alignment. It consists in the adjustment of the electro-
magnetic/electrostatic deflections system inside the column to the high
precision X-Y-Z stage. The stage is in fact considered to be ”correct”
and the e-beam deflection system is thus aligned to it. A fine alignment
implies the absence of unexposed space intervals between adjacent WFs
and thus the continuity of the exposure of the whole WA. In our case,
a WA of more than 3×3 mm2 is divided in WFs of 200 µm. With the
aim of avoiding intersections of the border of the WF with the SRRs, the
chosen size of the unit cell is 25 µm (a submultiple of the WF). However,
for the realization of the the interconnected metasurfcace, the intersec-
tion between the wires connecting adjacent SRRs and the border of the
WF is unavoidable. For this reason a fine as possible WF alignment is
required to have each SRR perfectly connected to its neighbours8.
Once the electron-beam exposure is finished, the next step is to develop
the lithographed sample. The development process consists in the fol-
lowing steps:
• removal of the already present Al layer by immersing the sample in
an ultrathin-Al etchant (Tetramethylammonium hydroxide-based)
solution (MF319) for the necessary time to see the disappearing of
the metal layer;
• accurate rinse of the sample in water to interrupt the etching action
and clean from MF319;
• immersion of the sample for 2 min in the properly PMMA devel-
oper, the AR 600-569;
8The dose of the connecting wires positioned at the border of the WF is also increased
to get an overdose that fills up possible unexposed space between two adjacent
WFs.
9It is a solution constituted by methylisobutylketone (MIBK) and isopropanol (IPA),
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• immersion of the sample in IPA for more than 30 sec to stop the
development;
• drying using the nitrogen jet.
At the end of the process, the layer of PMMA has holes and relief parts in
the previously exposed and unexposed area, respectively. In order to be
sure to eliminate all PMMA residue, a descum10 is performed inserting
the sample in the vacuum chamber in the presence of an oxygen plasma
for 3 min.
In the same way, three other samples with unit cells of 50 µm, 40 µm
and 20 µm have been realized in order to have metasurfaces resonating
at different frequencies in the THz spectral range. Moreover, two rectan-
gles of 0.2×3 mm2 are realized at the distance of 2 mm from the left and
right side of each metasurfcace. These two rectangles, which will be the
metallic pads for the electric gate, are connected to the array of SRRs
by four wires of 10 µm width.
All the lithographies were performed using a ZEISS Ultraplus field-
emission- gun (FEG) Scanning Electron Microscope equipped with in-
terferometric stage11 and EBL attachment (RAITH Multibeam). The
design of the devices was realized with the software ELPHY Multibeam.
3.3 Thermal metallic deposition and lift-off
Now, the samples are ready for the metal deposition.
They are mounted on a sample holder which is then inserted on a turntable
that is placed at the top of the vacuum chamber of the thermal evap-
orator. The chamber is equipped with four crucibles at fixed positions.
They are used to evaporate different metals (titanium (Ti), chromium
(Cr), gold (Au) and nickel (Ni)).
The metals (gold and titanium) used for the deposition are then cut
in small pieces and put in their respective tungsten crucibles whose ex-
tremities are fixed at two electrodes. After that, the vacuum chamber
is closed and the pump process is started. Once the pressure inside the
in stoichiometric ratio 1:3.
10Procedure commonly used to clean samples or to etch some layers of a material by
ionized atoms.
11The interferometric stage allows for 1 nm position stability and accuracy of the
stage position thanks to a coarse motor+piezo stage and a feedback from a laser
interferometer.
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chamber has reached a sufficiently low pressure (at least 10−6 mbar), an
electric current is made to flow in the crucible with the first metal to
evaporate. The intensity of the current is increased to a value (about 1
A) which allows to generate enough heat (via the Joule effect) to melt
the metal which is in contact with the crucible. When the metal is fused,
it starts to evaporate at the same time. During the evaporation, a piezo-
electric quartz crystal (quartz microbalance) quantifies the rate of the
metal deposition by measuring the variation of its background vibra-
tional frequency. In fact, during the material deposition, the weight of
the quartz progressively increases, lowering its frequency. The resolution
of the measured rate is 1 A˚/s.
When this rate reaches the value of about 1.5 A˚/s, the shutter, which
was covering the sample, is opened allowing to start the metal deposi-
tion. Once the desired metal thickness has been reached, the shutter is
closed and the current is progressively decreased to zero. This procedure
is repeated also for the other metals to be deposited.
In our case, two different layers are deposited; a 10 nm thick layer of
Ti and a 100 nm thick layer of Au. The layer of Ti is used as adhesion
promoter for the overlying layer of gold.
The final step for the fabrication of the metallic metasurface is thus
constituted by the lift-off. This procedure consists in dissolving the
PMMA mask with the overlying layer of gold in order to leave only the
gold pattern (which coincides with the previously lithographed area, see
Figure 3.1). The sample is immersed in ACE for a time sufficient12 to
easily remove all gold in excess by spraying ACE with a syringe on the
surface. The sample is then rinsed with IPA and dryed with the nitrogen
gas.
Some optical images of the metallic metasurface obtained after all the
described processes are shown in Figure 3.3.
The metal depositions of the Al layer and of the bilayer of Ti/Au are
realized using the thermal evaporators SISTEC and KJL, respectively.
12Depending on the dimension of the smallest elements in the planar geometry to be
removed, the lift-off can last from a few hours to an entire day.
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a) b)
c)
Figure 3.3: Optical images of the fabricated metallic metasurface of SRRs. In a and
b the magnification is 100x and 50x, respectively. The complete 3×3
mm2 array of SRRs with the unit cell of 25 µm is shown in c). At both
the left and right sides of the metasurface, the initial part of the four
wires which connect the SRRs to the two lateral pads are also visible.
3.4 Sputtering of the SiO2 and transfer of
graphene
At this point the fabrication proceeds with the deposition of the oxide
layer which allows the realization of a back gate exploiting the underlying
metallic metasurface for the tuning of the graphene Fermi level.
The fabrication steps mentioned in this section have not performed di-
rectly by me. For this reason they are not described in great detail.
Graphene has been grown and transferred by Dr. V. Misekis and Dr.
N. Mishra from CNI@Nest (Istituto Italiano di Tecnologia , IIT). Sil-
icon dioxide sputtering has been carried out by Dr. L. Viti (Istituto
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Nanoscienze, CNR) and Dr. L. Baldacci (Scuola Superiore Sant’Anna,
Institute of Life Sciences).
a) b)
c)
Figure 3.4: SEM images of the hybrid graphene-SRRs metasurface. The image a),
b) and c) are obtained using an magnifications of 50x, 100x and 200x.
In a) and c) the contrast between the metasurface covered and uncov-
ered by graphene is shown. In b) the SRRs are only visible under the
graphene layer. The WD, the accelerating voltage and the beam current
are 4.1 mm, 5 kV and 90 pA, respectively. The unit cell of the observed
metasurface is 50 µm.
A 200 nm thick layer of SiO2 is deposited by magnetron sputtering in
argon (Ar) atmosphere. The magnetron sputtering is a method of Phys-
ical Vapour Deposition (PVD), in particular a plasma coating process
whereby sputtering material is ejected due to bombardment of ions on
the target surface. The vacuum chamber of the PVD coating machine
is filled with an inert gas, in this case Ar. By applying a high voltage,
a glow discharge is created, resulting in acceleration of ions to the tar-
get surface and a plasma coating. The argon-ions will eject sputtering
materials from the target surface (sputtering), resulting in a sputtered
coating layer on the sample in front of the target. Magnetic fields keep
the plasma in front of the target, intensifying the bombardment of ions.
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3.4 Sputtering of the SiO2 and transfer of graphene
Once the SiO2 layer is realized, the process for the transfer of a 4×4 mm2
graphene flake, grown on a separate host Cu foil by low-pressure chemical
vapour deposition (CVD) using methane as a carbon precursor [77], has
been performed. The technique used for this process is the so-called wet
transfer. The graphene grown on the Cu substrate is spin coated with
PMMA; then, the Cu substrate is removed using a wet etching and only
the bilayer composed by PMMA and graphene remains. At this point
the bilayer is put on water surface and it is directly fished from water
using the desired final substrate. After the evaporation of water from
the sample, the substrate with graphene is immersed in ACE to remove
the layer of PMMA. The sample is then rinsed with IPA and dryed with
nitrogen gas.
Examples of the final samples are shown in Figure 3.4 where three SEM
images for a metasurface with the unit cell of 50 µm are reported. Each
image has been obtained with different values of the magnification. The
net contrast between the metasurface covered and not covered by graphene
can be seen in images Figure 3.4.a and Figure 3.4.c. In the region with-
out graphene the effect of charging is evident from the deformed image of
the array of SRRs. In Figure 3.4.b, instead, a portion of the metasurface
completely covered by graphene is shown.
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4 Spectroscopic measurements
of the device
This chapter is dedicated to the description of the spectroscopic mea-
surements of the fabricated samples. They are all realized using Fourier
Transform Infrared (FTIR) spectroscopy. For each sample, the measure-
ments have been performed at three different levels of the fabrication
process: after the fabrication of the metallic metasurface, after the depo-
sition of the oxide layer and after the transfer of graphene. In addiction
Raman spectroscopic measurements are performed in order to study the
properties (in particular the presence of defects and the Fermi level) of
the transferred graphene.
4.1 Experimental set up
A FTIR spectrometer [78] is composed by three fundamental part: a
broadband source, an interferometer (most commonly a Michelson inter-
ferometer) and a detector.
In THz range, our FTIR (Nicolet) is equipped by a globar lamp, that
emits in a spectral range from 50 cm−1 to at least the near-IR. However,
the emitted signal decreases strongly passing to low frequencies; below
approximatly 3 THz the intensity of emitted radiation cannot be distin-
guished from the background noise at room temperature.
The used interferometer is in Michelson configuration. In a Michelson
interferometer (see Figure 4.1) a collimated beam of light coming from a
source is split into two parts of equal intensity by a beamsplitter (BMS).
One part of the beam is transmitted, continues to propagate in the same
direction and then impinges onto a moving mirror M1, the other part
instead is reflected in the orthogonal direction and impinges onto a fixed
mirror M2. After the two beams have been reflected from the two mir-
rors, they impinge onto the BMS a second time, they recombine on the
other side of the BMS with respect to mirror M2 and are finally directed
to the detector. Initially, the two mirrors are at the same distance from
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Figure 4.1: Schematic of the Michelson interferometer with the He-Ne laser running
co-axial. S = source, BMS = beamsplitter, M = mirror, D = detector,
L = laser.
the BMS, implying the same optical path for both the reflected and trans-
mitted beams. Moving the mirror M1 an optical path difference (OPD)
is introduced to generate interferometric fringes. The used beamsplitter
and detector are a silicon state substrate and a DTGS detector1, respec-
tively. Due to the optical properties of these last two components, the
upper limit of the spectral range for the measurements is about 600 cm−1
(about 18 THz).
The measurements are performed using the FTIR spectrometer in rapid-
scan mode. In this mode, the moving mirror in the interferometer scans
forward and backward in a rapid continuous fashion. Inside the FTIR
spectrometer a Helium-Neon (HeNe) laser beam is used to create an in-
terferogram. The HeNe fringes (generated by an OPD exactly equal to
1The deuterated-triglycine sulfate detector is a very sensitive room-temperature de-
tector for the spectral range 700 - 50 cm−1. As the temperature and hence po-
larizability of the ferroelectric crystals change (due to the absorption of infrared
radiation) a charge is generated which is detected by two parallel electrodes. The
deuterated crystals are used because they have a higher Curie point.
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1/2-HeNe wavelength) allow to trigger the spectrometer electronics in or-
der to simultaneously digitize the infrared light intensity registered at the
detector. As a result of this process one obtains the digital interferogram
of the whole infrared signal, i.e. a digital plot of the intensity versus the
optical path difference. A digital Fourier transform applied to these data
allows to obtain a spectrum of intensity versus wavenumber (cm−1). In a
transmission measurement like in our case, there are actually two exper-
iments that are carried out sequentially. The first is performed without
putting the sample in front of the beam in order to obtain the spectrum
of the source. The second instead is realized with the presence of the
sample. By normalizing the last spectrum with that of the source, the
desired transmission spectrum of the sample is achieved.
4.2 Description and discussion of the
measurements
In this section the spectroscopic transmission measurements are reported.
The unpolarized THz radiation has been aligned to pass through a pin-
hole of 4 mm of diameter on which all the samples have been measured.
At each fabrication step, before measuring all the samples, the spectrum
of the globar lamp used as source is recorded as a reference of the incident
light. This spectrum is used to normalize the spectra of the subsequently
measured samples. In this way the contribution of the globar lamp to
the final spectrum is eliminated and thus the real transmission spectrum
of the sample is obtained.
First, only the metallic metasurface upon the COC substrate is mea-
sured for all the four different samples (16, 25, 40 and 50 µm of the unit
cell). The comparison between the simulated and experimental spectra
for the metasurface with unit cell of 25 µm is shown in Figure 4.2. We
observe a very good agreement between the theoretical and experimental
results. This was achieved by setting the real part of the refractive in-
dex of the COC equal to the value extracted from the periodicity of the
Fabry-Pe`rot oscillations revealed in the experimental transmittance and
clearly observable in the inset of Figure 4.2. The mean frequency-interval
between adjacent Fabry-Pe`rot peaks is calculated to be ≈ 17 cm−1 (0.5
THz). Using this value and the thickness of 185 µm of the COC it is
possible to obtain the value of 1.54 for the real part of the refractive in-
dex. This value is very similar to the values reported in literature, which
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Figure 4.2: Simulated (red curve) and experimental (green curve) transmittances of
the SRRs metasurface with unit cell of 25 µm fabricated upon the 185
µm thick wafer of COC. The experimental spectrum is obtained with
a resolution of 4 cm−1 (0.12 THz), while the simulated one has been
obtained by interpolation of the 120 simulated equidistant (∆ν ' 0.05
THz) frequencies. The real part and imaginary part of the refractive in-
dex of COC used in the simulation are n=1.54 and k=0.003, respectively.
In the inset, the experimental transmittance (with 4 cm−1 resolution)
of the sample is reported in order to show the Fabry-Pe`rot oscillations
in the whole explored spectral range (from 4.5 to 15 THz).
are all about 1.5 in this THz range. The imaginary part of the refractive
index is instead set to k=0.003 in such a way to have an absorption co-
efficient of the COC lower than 3 cm−1 for all the investigated frequency
range. With these values, the absorption peak of the metasurface and
the periodicity of the Fabry-Pe`rot oscillations of the experimental mea-
surement are very well reproduced. The quality factor is about 4.5 with
an approximate resonance frequency at 7.1 THz for both experiment and
simulation. It is worth noting that the sharp peaks visible in the simu-
lated spectrum above 8.5 THz are caused by a mesh not dense enough
that results in not so accurate values of the transmittance.
After the sputtering of the 200 nm thick layer of SiO2, the same sample
is measured again. The experimental and simulation results are shown
in Figure 4.1. In the simulation the real and imaginary part of the re-
fractive index of the oxide layer are set in such way to reproduce as well
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Figure 4.3: Simulated (red curve) and experimental (green curve) transmittances
of the SRRs metasurface with unit cell of 25 µm covered by a 200 nm
thick layer of SiO2. In the simulation the real and imaginary part of
the SiO2refractive index are set to 2.5 and 0.008, respectively. The
properties of the COC are set as in the previous simulation.
as possible the experimental data. These two values which are found
to be 2 and 0.008, respectively, are seen to be in agreement with the
values reported in literature [79]. The frequency position of the meta-
surface resonance is redshifted for both spectra to about 6.6 THz. This
frequency shift can be qualitatively explained by the fact that the refrac-
tive index of SiO2 is higher than that of COC. The strong concentration
of the electromagnetic field in the oxide layer due to the proximity of the
metasurface increases the effective refractive index of the substrate. This
implies a reduction of the wavelength of the incoming radiation with the
result of an effective increase of the SRRs size and thus a lower resonance
frequency. The quality factor of the two spectra is decreased to 3.8 for
both spectra due to the introduction of optical losses related to the added
oxide layer.
In order to show the variation of the spectrum for the smallest and big-
ger values of the unit cell of the fabricated metasurfaces the following
two graphs in Figure 4.4 are reported. The unit cells of the samples in
consideration are now 16 µm and 50 µm. The spectra for both samples
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are obtained with two different resolutions, 4 and 16 cm−1. The first
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Figure 4.4: Experimental transmittances of the metasurfaces with the unit cell of
16 µm (graph a) and 50 µm (graph b). In each graphs the red and
blue curves represent the same spectrum obtained with a resolution of
4 and 16 cm−1. In this case the sample is constituted by only the SRRs
metasurface and the COC layer.
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observation which arises from the two spectra is the evident frequency
shift of the metasurface resonance with respect to the one obtained for
the unit cell of 25 µm. The absorption peak of the investigated meta-
surface resonance is at about 10.8 and 3.6 THz for the case of 16 and 50
µm, respectively. This experimental shifts are in very good agreement
with the theoretical prediction of an inverse proportionality between the
SRRs resonance frequency and the SRRs size. The quality factor of the
resonance is calculated to be about 4.5 as for the case of 25 µm for both
spectra. This fact confirms that the resonances observed in graph a and
b of Figure 4.4 and the one reported in Figure 4.2 are effectively the
same resonance which appears at different frequencies due to the differ-
ent size of the unit cell. Assuming that the optical losses of each materials
composing the system (the COC substrate and the gold metasurface2)
is frequency independent, it is reasonable to assume that the resulting
quality factor of the investigated resonance remains constant also if the
metasurface geometry is rescaled.
Another observation arises from the comparison between the measure-
ments performed with different resolution. For the 4 cm−1 resolution,
the Fabry-Pe`rot oscillations are revealed. The periodicity obviously is
the same (≈ 17 cm−1) for all the samples because of the equal thickness
of the COC substrate. These interferometric peaks disappear when the
the resolution is changed to 16 cm−1 because they cannot be resolved
anymore. The Fourier transform of the transmitted signal thus produces
a spectrum which reveals more clearly the electromagnetic response of
the system. Without excessively modifying the spectral shape, the 16
cm−1 resolution is more useful for the measurement of the metasurface
with the bigger unit cell. For this metasurface in fact the resonance falls
in the range of frequency where the signal emitted from the lamp is very
low and thus where a lot of noise is present (see the spectra with the
4 cm−1 resolution in Figure 4.4). For this reason the detection of the
correct transmittance and the shape of the resonance at 3.6 THz are not
so accurate as for example for the resonance at about 11 THz.
The transmittances of the fabricated samples with different dimensions
of the unit cell (16, 25, 40 and 50 µm) are shown for each fabrication step
in Figure 4.5. In each graph of the figure it is thus possible to see the
2Gold, as other metals, has a complex dispersive refractive index. However, due to
the big value (a few hundreds) and the relatively small frequency dependence of
the imaginary part of the refractive index, the optical losses can be considered
constant in the explored range of frequencies.
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effect caused by each component of the structure on the optical resonance
of a specific metasurface. All the reported measurements are performed
with the 16 cm−1 resolution. This is done in order to make the variations
in the spectrum for the metasurfaces with unit cell of 40 and 50 µm more
clearly observable.
The blue curve in each graph represents the transmittance of only the
specific metasurface upon the COC substrate. The inverse proportion-
ality between the SRR size and the resonance frequency is now visible
for all the four different samples. The green curves instead represent the
a) b)
c) d)
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Figure 4.5: Transmittances of the samples at each fabrication steps: after the meta-
surface lithography (blue curve of each graph), after the sputtering of
the SiO2 and after the transfer of graphene. The same measurements of
the metasurfaces with unit cells of 16, 25, 40 and 50 µm are shown in
the graphs a, b, c and d, respectively. All the reported measurements
are performed with 16 cm−1 resolution.
spectra of the samples covered by the oxide layer. For both the samples
with the unit cell of 16 (graph a) and 25 µm (graph b), the redshift of
the resonance caused by the presence of the SiO2 can be observed. The
amplitude of the induced frequency shift is calculated to be proportional
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to the resonance frequency of the metasurface. The shift is about 0.95
and 0.65 THz for the unit cell of 16 and 25 µm, respectively. For the
other two samples with the unit cell of 40 (graph c) and 50 µm (graph
d) this redshift is not appreciable due the low signal to noise ratio. As-
suming the before mentioned proportionality also for these samples, the
redshifts should be 0.41 and 0.35 THz.
Finally, the effect of the transferred graphene on the electromagnetic
response of the metasurface is shown by the red curves of the graphs.
Although one can expect that the graphene layer should vary the trans-
mittance, the shape and the frequency of the metasurface resonance,
these effects are not so evident in the obtained experimental spectra.
The only common change in the transmittances of the samples is an
overall decrease provided by the (almost frequency independent) optical
losses introduced by graphene. The sample which has the major differ-
ence between the transmittance before and after the transfer of graphene
is the one with the unit cell of 50 µm. For this sample, we have tried to
have informations about the properties of the overlying graphene layer.
In order to understand its characteristics some Raman spectra3 of the
samples have been obtained. This spectroscopic analysis of the sam-
ple has been performed by Dr. F. Bianco (Istituto Nanoscienze, CNR).
Despite revealing the presence of the graphene layer, an accurate deter-
mination of the graphene characteristics is very complicated. Owing to
the easiness to damage the sample with the Raman laser (as observed
for a probed area far from the SRRs region), a very low incident power
is used. This leads to very noisy Raman spectra which makes the char-
acterization of graphene almost impracticable.
At this point, in order to determine at least the Fermi energy we have
decided to use the back gate. Unfortunately, also a direct measure of
Fermi energy by electrical measurements was not possible due to some
problems occurred in the sputtering steps. SEM and Raman inspections
have in fact revealed an inhomogeneous SiO2 layer which makes impos-
sible to apply an electric voltage to the graphene sheet. For this reason
a more accurate sputtering procedure has to be studied in order to pre-
vent this kind of problem and to allow the application of a working back
gate to the future samples. The optical measurements, however, are not
3Raman spectroscopy uses a monochromatic laser to interact with molecular vibra-
tional modes and phonons in a sample, shifting the laser energy down (Stokes)
or up (anti-Stokes) through inelastic scattering producing two main peaks in the
resulting spectrum: the G-peak, a primary in-plane vibrational mode, and the
2D-peak, a second order overtone of a different in plane vibration, D-peak [80].
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affected due to the micrometer size of the defects presented in the ox-
ide layer. Tentatively, the remaining possibility to extract approximately
Figure 4.6: Comparison of the simulated transmittances and the experimental
transmittance of the sample with unit cell of 50 µm covered by the
graphene layer. The Fermi energy in the simulation is set to 0.1, 0.2
and 0.3 eV. The resolution of the experimental curve is 16 cm−1.
the Fermi energy of the graphene layers is constituted by the simulations.
The Fermi level of the sample with the unit cell of 50 µm, for which the
effect of graphene is more evident, is thus evaluated. A simulation, in
which the magnetic field is set to zero and the Fermi energy is swept,
has been performed. The results are shown in Figure 4.6. The simulated
transmittances for three investigated Fermi energies, 0.1, 0.2 and 0.3 eV
are compared to the experimental transmittance obtained with a resolu-
tion of 16 cm−1. The evaluation of the Fermi level can be done with a
low accuracy, with an error of at least ± 50 meV. Increasing the Fermi
energy the simulated resonance frequency is seen to progressively red-
shift and the overall transmittance is observed to diminish. Comparing
the obtained curves, the experimental resonance is seen to be approxi-
matively positioned in frequency as the one simulated with EF = 0.1 eV.
The Fermi level of the graphene layer transferred upon this sample can
be thus considered to approach 100 meV.
The less obvious effects provided by graphene in the other samples can
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then maybe be associated with a value of the Fermi energy lower than
100 meV. This value are consistent with the values that typically are
reported in wet transferred CVD graphene.
In conclusion, we have succeeded in the fabrication of the proposed
hybrid graphene-SRRs metasurface and we have demonstrated that its
electromagnetic behaviour, at least without an external magnetic field,
is well reproduced by our previous simulations. We have experimentally
observed also that the presence of graphene does not suppress the elec-
tromagnetic response of the SRRs metasurface. These results allow to
proceed our experimental study with magneto-optical measurements in
order to have a complete characterization of the fabricated samples. Due
to the lack of a magnet able to produce magnetic fields of sufficient ampli-
tude, the spectroscopic measurements under the presence of an external
magnetic field are not already performed. They can be done in collabo-
ration with the Universite` de Gene`ve using an apposite experimental set
up composed by a split-coil superconducting magnet (able to reach a few
Tesla of magnetic field) attached to a Fourier-transform spectrometer.
These future measurements will reveal the real strength of the coupling
between graphene and the SRRs metasurface and to quantify the real
performances of the fabricated samples.
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5 Conclusions and future
perspectives
This thesis work, carried out at NEST laboratories in Pisa, was aimed to
design by simulations, fabricate and spectroscopically measure a graphene-
based system able to provide a great enhancement of the Faraday effect
of graphene in the THz regime. The base idea was to put in close prox-
imity to graphene a metallic metasurface of sub-wavelength optical res-
onators in order to increase the interaction of graphene with light by the
high confinement of the electromagnetic fields of the incoming radiation.
Moreover, the frequency matching of the resonant Faraday rotation of
graphene with the resonance of the dispersive susceptibility of the over-
all metasurface allows to put the system in a non-perturbative regime
in which the Faraday effect is strongly amplified. Using a classical ap-
proach, this enhancement can be qualitatively explained by an increase
of the effective length of the system or a decrease of the phase velocity
of the incoming light in correspondence of the resonators.
The chosen metasurface is constituted by a periodic planar arrangement
of SRRs, which are a common kind of resonant metamaterials used at
THz frequencies due to the possibility to tune and engineer their reso-
nant response all over this spectral range by modifying the SRR geometry
and/or size.
Due to the complexity of the system, the use of full wave simulations
is necessary. They have been first performed to completely reproduce
the Faraday effect of graphene in the classical regime. They are able
to derive the final state of polarization (Faraday angle and axial ratio)
acquired by the linearly polarized wave that crosses the materials of the
structure. The close connection between the real and imaginary part of
the off-diagonal conductivity with the amplitude of the Faraday angle
and axial ratio, respectively, is shown. The relevance for the Faraday
rotation of EF, τ and B, which determine the complex graphene con-
ductivity, is underlined. The Fermi energy, determined by the growth
process but modifiable by an external gate, is singled out as the best pa-
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rameter to tune the cyclotron frequency and thus the Faraday rotation
over the whole THz range. However, the strength of the effect rapidly
diminishes with decreasing the doping level. The scattering time is in-
stead the parameter which more stringently determines the amplitude of
the Faraday rotation. A long scattering time, thus a high mobility, is
necessary to achieve a giant non-reciprocal rotation. The presence of B
is obviously crucial for the effect, but its amplitude does not represent
a limit. Increasing the amplitude over a few Tesla, the Faraday rotation
no longer improves.
The electromagnetic responses of some kind of SRRs studied in litera-
ture [73, 74] then is obtained just to confirm the validity of the simu-
lations. After checking the consistency of the obtained results with the
experimental ones, a series of simulations is performed to study the elec-
tromagnetic behaviour of the hybrid graphene-SRRs metasurface, with
particular attention to the Faraday effect. Here, several planar SRR ge-
ometries are investigated in order to understand which ones are able to
get a great amplification of the effect. For each kind of SRR, the effect of
variations of the geometric SRR components on the metasurface proper-
ties is studied to optimize both the Faraday angle and the transmittance.
A strong amplification of about 4 times the maximum Faraday rotation
observed in the work of Crassee et al. [10] is found just for the first ge-
ometries, but the transmittance at the frequency of maximum Faraday
rotation is always very low (under a few %). Nevertheless, the compari-
son between more and less symmetric geometries reveals that increasing
the symmetry of the SRR geometry, a strong improvement of the trans-
mittance arises. At the end of the research, between all the investigated
SRRs, the geometry invariant by rotation of 45◦ around the transversal
axis (see Figure 2.27) is found to have the best performances.
At this point, a study of the effect on the metasurface of the refractive
index and thickness of the substrate is performed. First, the substrate
parameters used in the simulations are those of SiC at THz frequen-
cies with an infinite extension, in order to avoid Fabry-Pe`rot oscillations.
From these simulations it is possible to understand that refractive indices
as low as possible allow higher Faraday rotations. An high refractive in-
dex in fact reduces considerably the field concentration in graphene and
thereby the Faraday rotation. Due to the difficulties in fabricating a sus-
pended structure, the chosen material for the substrate was then Cyclic
Olefyn Copolymer which has a refractive index of about 1.5 and a very
low and constant absorption at THz frequencies. The final structure is
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constituted by the graphene layer on the top separated by a 200 nm thick
layer of oxide (SiO2) from the 100 nm thick array of SRRs with a unit
cell of 25 µm and a 185 µm thick substrate of COC.
Due to the symmetry of the SRR geometry, the electromagnetic response
of the system is independent from the plane of polarization of the incom-
ing wave. In this case, a maximum Faraday angle of more then 0.4 rad
(about 23◦) is achieved at about 6.9 THz for EF=0.1 eV, but with a very
low transmittance. For higher doping levels a redshift of the resonance
is observed. At the same frequency, the Faraday rotation decreases at
about 0.35 rad, but with a net increase of the transmittance. The best
working frequency is at 7.2 THz where the Faraday angle reaches more
than 18◦ with a transmittance of more than 0.35 for a Fermi energy of
0.3 eV. The axial ratio of the outgoing wave is always bigger than 10 for
all the frequencies of interest meaning that an almost linear polarization
is preserved.
After the simulation work, the following step is the fabrication of the
above described structure. The process of the entire fabrication is di-
vided into four fundamental parts: the electron beam lithography of the
metasurface upon the COC substrate, the thermal evaporation of gold
constituting the SRRs, the sputtering of the layer of SiO2 and finally
the growth (CVD on Cu) and transfer of graphene above the structure.
With the aim to construct a back gate, interconnections between SRRs
are made and two metallic pads connected by wires are fabricated next
to the 3×3 mm2 of the array of SRRs. Contacting these two pads with
the overlying graphene layer, separated by the 200 nm oxide, the metal-
lic metasurface allows the tuning of the Fermi energy of graphene by
applying an external voltage. In this way, four hybrid graphene-SRRs
metasurfaces with different dimensions (16 µm, 25 µm, 40 µm and 50
µm) of the unit cell were fabricated. This is done in order to show the
amplification of the Faraday effect over a wide range of THz frequencies
(from 3 to 13 THz). Nevertheless, the fabrication of a back gate to tune
the Fermi energy of graphene exploiting the underlying metallic meta-
surface fabricated in a connected fashion was not successful. The oxide
layer has seen to be affected by defects that makes impossible to apply an
external voltage. Anyway, the graphene transfer has been performed in
order to spectroscopic measure the complete samples verifying the agree-
ment with the simulation results. In parallel with the fabrication process,
the spectrometric measurements of the samples have been performed us-
ing the Fourier transform infrared spectroscopy (FTIR) technique. The
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spectra of the samples are obtained at different stages of the fabrication
process; after the fabrication of the metallic surface on the COC sub-
strate, after the sputtering of the SiO2 and at the end of the graphene
transfer. The measured spectra are in good agreement with the simulated
ones. The linear dependence of the SRRs resonance with the size of the
unit cell is confirmed. Knowing the exact thickness of the substrate, the
periodicity of the Fabry-Pe`rot oscillations observed in each measurement
is used to calculate the real value of the refractive index of the COC
layer. This calculated value is used to further increase the agreement
of simulations with the experimental results. Finally, the Fermi level of
one of the transferred graphene layers is approximatively extracted from
simulations. For this sample the Fermi energy is found to approach 100
meV. For the other samples the doping level is considered to be under
this value due to the not so evident modification of the metasurface trans-
mittance.
For future perspectives, the fabrication of a working back gate is con-
sidered to be crucial for the measure of the doping level of the transferred
graphene. Simulations in fact give only a rough evaluation of the Fermi
energy of each graphene sheet, while Raman spectra are unable to give
accurate results due to the presence of a strong background noise pro-
vided by the metallic metasurface. The presence of the gate can also
offers the possibility to tune the Fermi energy of graphene by apply-
ing an external voltage. In this way, the electromagnetic response of
the hybrid graphene-SRRs metasurface can be tuned to achieve the best
performances with two degrees of freedom; the electric voltage and the
external magnetic field.
The possibility also to tune the Fermi energy can allow graphene to reach
its quantum regime where the optical properties are dominated by the
inter-Landau levels transitions. A very low Fermi energies approach-
ing the Dirac point could lead to functional devices working towards this
regime where figures of merit like the Faraday rotation may reach anoma-
lously large values [81, 82].
Obviously, magneto-optical measurements are necessary to reveal the
real strength of the non-reciprocal effect as well as the coupling between
graphene and the metasurface of sub-wavelength resonators. These mea-
surements could be performed in collaboration with the Universite` de
Gene`ve using their THz set up in which a few Tesla of magnetic field are
reached.
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Another important possibility to further improve the performances of
the studied system is to increase the electron mobility. Simulations (see
Figure 2.7 in Section 2.2.2)have revealed that the electron mobility is the
fundamental parameter which determines the strength of the graphene
Faraday effect. Although the graphene mobility is fixed by the growth
process conditions and subsequent manipulations1, its value can be enor-
mously enhanced in suspended membranes [83] or by packaging graphene
inside thin boron nitride (BN) claddings [84]. The simulated Faraday
angle and correspondent transmittance of the structure constituted by
the three-layer of BN-graphene-BN positioned on the top of the metal-
lic metasurface of Figure 2.27 are shown in Figure 5.1. The giant en-
Figure 5.1: Simulated transmittance (red curve) and Faraday angle (green curve) of
the structure in Figure 2.27 with graphene substituted by the three-layer
BN-graphene-BN. The thickness of the substrate is set to 20 µm. As in
[84], the graphene mobility and Fermi energy are set to 40.000 cm2/V·s
and 0.31 eV, respectively. The amplitude of the external magnetic field
is 7T. The horizontal dashed line indicates the null Faraday angle.
hancement of the Faraday rotation of the graphene mono-layer is evident
observing the (green) curve for Faraday angle. In fact, it reaches giant
values of about 0.6 rad (36◦) and about -0.8 rad (48◦) at 4.3 THz and
6.7 THz, respectively. While at the higher frequency the correspond-
1In the simulations of the hybrid graphene-SRRs metasurface the mobility is always
fixed to about 3000 cm2/Vs as in the work of Crassee et al. [10].
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5 Conclusions and future perspectives
ing transmittance is only of few per cent, at 4.3 THz the transmittance
reaches about 0.3 with a good axial ratio (≈ 10). The best working point
is recognized to be at about 5 THz where the Faraday rotation is about
0.5 rad and the normalized transmission gets to 48% of the incoming ra-
diation intensity. Thus, these simulation results reveal that this system
is strongly promising towards the realization of a compact THz optical
isolator.
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